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N-jet processes
The simplest application of SCET involve 
energetic particles in two directions. Interesting 
to look at the generalization to more directions 
for 

• jet processes at LHC (three directions, 
even for 1-jet processes!) 

• non-global observables (sensitive to 
emissions from individual hard partons) 

• study IR structure of N-point amplitudes
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n-point Green’s function
Start with n-point off-shell Green’s functions in 
the limit of small off-shellness pi2 and large 
momentum transfers sij. 

Introduce reference vectors                      and 
nibasdas aasdwith                    .         

3

p1

p2

p3

p4

. . .

. . .
...

pn−1

pn

sij = (pi ± pj)2

+ if both incoming or outgoing

− otherwise

which after some algebraic simplifications reduces to the expression shown in the second line
of (17). Our result for H

(2)
R.S. agrees with the findings of [31] and confirms a conjecture for

the form of H
(2)
R.S. for a general n-parton amplitude made in [34]. Note that the last term in

(17) is only non-zero for four or more partons. Due to color conservation the three-parton
case involves only two independent generators T1 and T2, which is not sufficient to obtain a
completely antisymmetric structure to contract with fabc in (17) or, equivalently, to get an
non-zero commutator term in (18). In Section 6.2 we will show that the non-trivial color and
momentum structure in the second line (17) is incompatible with constraints derived from soft-
collinear factorization, and thus it cannot appear at any order in the anomalous-dimension
matrix, from which the Z-factor is derived.

Our expressions (12) and (17) reproduce all known results for the two-loop 1/εk poles of
on-shell scattering amplitudes in massless QCD. In addition to the on-shell quark and gluon
form factors, these include e+e− → q̄qg [35] as well as all four-point functions of quarks and
gluons [36–42]. At the three-loop level, only the IR divergences of the quark and gluon form
factors are known for the QCD case [26–28]. For N = 4 SYM in the planar limit, on the other
hand, the four-point functions are known up to four-loop order [43, 43], and they also agree
with our result.

An interesting alternative approach to the problem of IR singularities of on-shell amplitudes
was developed in [33], where the authors exploited the factorization properties of scattering
amplitudes [45–47] along with IR evolution equations familiar from the analysis of the Su-
dakov form factor [48]. They recovered Catani’s result (15) at two-loop order and related the
coefficient of the unspecified 1/ε pole term to a soft anomalous-dimension matrix, which was
unknown at the time. They also explained how their method could be extended beyond two-
loop order. The two-loop soft anomalous-dimension matrix was later calculated in [30, 31].
In very recent work, Gardi and Magnea have pushed this approach further and derived a set
of constraint relations for the soft-anomalous dimension matrix, which hold to all orders in
perturbation theory [29]. We will comment later on the relations between our analysis and
their work.

3 Anomalous dimensions of n-jet SCET operators

3.1 Basic elements of SCET

To analyze a hard-scattering process involving energetic particles propagating along the direc-
tions of unit three-vectors n̂i in SCET, we introduce two light-like reference vectors ni = (1, n̂i)
and n̄i = (1,−n̂i) for each direction, so that ni · n̄i = 2. The effective theory then contains
a set of collinear quark and gluon fields for each direction of large momentum flow. These
describe partons with large energies Ei ∼

√
ŝ associated with a jet of small invariant mass M .

The small ratio of these scales, λ = M2/ŝ, serves as the expansion parameter of the effective
theory. The components of the momenta pc of the collinear quark and gluon fields χi and Aµ

i

associated with the i-th jet direction scale as

i-collinear: (n̄i · pc, ni · pc, p
µ
c⊥) ∼ (1, λ,

√
λ) , (19)
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SCET for n-jet processes
The effective theory contains collinear fields    ,      for each 
direction and a soft fields    ,       which interact with the 
collinear sectors. 

Convenient to use building blocks 

       
where 

Note: the        components are sufficient since           is 
power suppressed and                 .

4

S(ν, µ) =
Γ0

4β2
0

{
4π

αs(ν)

(
1 −

1

r
− ln r

)
+

(
Γ1

Γ0
−

β1

β0

)
(1 − r + ln r) +

β1

2β0
ln2 r

}

(19)

Aγ(ν, µ) =
γ0

2β0
ln

αs(µ)

αs(ν)
(20)

Aγ(ν, µ) =
γ0

2β0
ln

αs(µ)

αs(ν)
(21)

β(αs) = −2αs

[
β0

αs

4π
+ β1

(αs

4π

)2
+ . . .

]
(22)

γcusp(αs) = Γ0
αs

4π
+ Γ1

(αs

4π

)2
+ . . . (23)

r = αs(µ)/αs(ν)

χi(x) = W †
i (x) ξi(x) = W †

i (x)
/ni /̄ni

4
ψi(x) , (24)

Aµ
⊥(x) = W †

i (x) [iDµ
⊥, Wi(x)] . (25)

The i-collinear Wilson lines

Wi(x) = P exp

(
ig

∫ 0

−∞

ds n̄i · Ai(x + sn̄i)

)
(26)

such that p2
c ∼ λ ∼ M2. The ⊥ components are defined to be perpendicular to both ni and

n̄i. Via the equation of motion, the scaling of the momenta also implies a scaling for the spin
components of the fields. In the case of collinear fermions, it implies that two of the four
components of the Dirac spinor field are power suppressed. These can be integrated out, after
which the field fulfills the condition /niχi = 0. For the collinear gluon field, it implies that
leading-power operators only depend on Aµ

i⊥.
In the absence of soft interactions, each collinear sector of the theory is equivalent to the

original QCD Lagrangian [7]. This is not surprising, since we can imagine going into the rest
frame of any given jet, and the interactions among the partons of the jet will then be the
same as in ordinary QCD. The particular scaling of the fields (19) is dictated by external
kinematics, or more concretely by the source terms which generate them. The purely collinear
SCET Lagrangian is thus simply given by n copies of the ordinary QCD Lagrangian, and the
effective-theory fields χi and Aµ

i⊥ are related to usual quark and gluon fields via

χi(x) = W †
i (x)

/ni /̄ni

4
ψi(x) , Aµ

⊥(x) = W †
i (x) [iDµ

⊥, Wi(x)] . (20)

The i-collinear Wilson lines

Wi(x) = P exp

(
ig

∫ 0

−∞
ds n̄i · Ai(x + sn̄i)

)
(21)

ensure that these fields are invariant under collinear gauge transformations in each sector [4, 5].
The symbol P indicates path ordering, and the conjugate Wilson line W †

i is defined with the
opposite ordering prescription.

In addition to collinear fields for each direction, the effective theory contains a single set
of soft fields, which interact with all types of collinear fields. All components of the momenta
ps carried by these fields scale as

soft: pµ
s ∼ λ . (22)

This scaling is such that one can associate a soft parton with any of the n jets without
parametrically changing the invariant mass of the jet, (pc + ps)2 ∼ λ. The soft fields can
thus mediate low-energy interactions between different collinear fields. However, at leading
power this interaction is very simple: it can be obtained from the substitution Aµ

i (x) →
Aµ

i (x) +
n̄µ

i

2 ni · As(x−), or

Aµ
i (x) → Aµ

i (x) +
n̄µ

i

2
W †

i (x)
[
g ni · As(x−), Wi(x)

]
, (23)

in each of the collinear Lagrangians, where x− = (n̄i · x) ni/2. Only the ni · As component of
the soft gluon field enters in this relation, since all other components are power suppressed
compared to the collinear fields. The peculiar x-dependence of the gluon field is a consequence
of the multipole expansion [7, 49], which implies that in interactions of collinear and soft fields
one should perform a derivative expansion of the form

[φc(x)]2 φs(x) = [φc(x)]2
[
φs(x−) + x⊥ · ∂⊥ φs(x)|x=x−

+ . . .
]
. (24)
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Aµ
i⊥ n · Ai

n̄ · Ai = 0

ξi Aµ
i

Aµ
sqs



Collinear Lagrangian
The collinear Lagrangians have exactly the same in 
each sector, only the reference vectors are different. 

Only the                   components interacts with the 
i-collinear fields.  

5

1

n · k1

1

n · (k1 + k2)
+

1

n · k2

1

n · (k1 + k2)
=

1

n · k1

1

n · k2

LSCET = q̄s iD/s qs −
1

4
(F s a

µν )2

+
n∑

i=1

{
ξ̄i

/̄n

2

[
ini · D + iD/ci⊥

1

in̄i · Dci
iD/ci⊥

]
ξi −

1

4
(F ci a

µν )2
}
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nµ
i

2[                       ]



The soft interactions can be decouped from the 
collinear Lagrangian by the field redefinitions 

       

with

6

The first-derivative term is suppressed by
√

λ, because x⊥ ∼ 1/
√

λ, while ∂⊥ acting on a soft
field counts as O(λ).

The substitution (23) gives rise to an eikonal interaction of soft gluons with collinear
fermion fields,

Lci+s = χ̄i(x)
/̄ni

2
ni · As(x−) χi(x) . (25)

This interaction can be represented in terms of soft Wilson lines. Redefining the quark and
gluon fields as

χi(x) = Si(x−) χ(0)
i (x) ,

χ̄i(x) = χ̄(0)
i (x) S†

i (x−) ,

Aµ
i⊥(x) = Si(x−)Aµ

i⊥(x) S†
i (x−) ,

(26)

where

Si(x) = P exp

(
ig

∫ 0

−∞
dt ni · Aa

s(x + tni) ta
)

, (27)

eliminates the interaction Lci+s (including the pure-gluon terms). After this decoupling trans-
formation [5], soft interactions manifest themselves as Wilson lines in operators built from
collinear fields. The soft gluons do not couple to the spin of the collinear particles, and for
the discussion that follows the spin degrees of freedom will be irrelevant.

As written above the soft Wilson lines Si and S†
i are color matrices defined in the fun-

damental representation of the gauge group. The transformations (26) take on a universal
form if we define a soft Wilson line Si in analogy with (27), but with ta replaced by the color
generator T a

i in the appropriate representation for the i-th parton. Representing a generic
collinear field as (φi)αi

ai
(x) with color index ai and Dirac/Lorentz index αi, the soft interactions

can then be decoupled from this field by the redefinition

(φi)
αi
ai

(x) = [Si(x−)]aibi
(φi)

(0)αi

bi
(x) . (28)

Note that even anti-quarks transform according to this rule: in this case T a
i = −(ta)T , which

translates into the anti-path ordering in (26).
Hard interactions among the different jets are integrated out in the effective theory and

absorbed into the Wilson coefficients of operators composed out of products of collinear and
soft fields. Since additional soft fields in the SCET operators would lead to power suppression,
the leading n-jet operators are built from n collinear fields, one for each direction of large
energy flow [50, 51]. The most general such operator with given particle content appears in
the effective Hamiltonian

Heff
n =

∫
dt1 . . . dtn C̃a1...an

α1...αn
(t1, . . . , tn, µ) (φ1)

α1
a1

(x + t1n̄1) . . . (φn)αn
an

(x + tnn̄n) . (29)

Our notation is somewhat unusual, because the Wilson coefficients of these operators carry
spin and color indices. Usually both operators and Wilson coefficients are chosen to be color-
neutral Lorentz scalars. However, writing the operator in this form makes the connection to
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S(ν, µ) =
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4β2
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4π

αs(ν)
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1 −

1

r
− ln r
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β1
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where
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−∞
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)
, (30)

χi,
χ̄i,
Ai⊥

Decoupling transformation



To have a unified treatment of quarks and gluons, 
let’s denote a generic collinear field by               , 
where ai is the color index and αi the Lorentz/Dirac 
index. For such a field, the decoupling takes the 
form 

where      is the soft Wilson line in the appropriate 
color representation      . For example  
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The substitution (23) gives rise to an eikonal interaction of soft gluons with collinear
fermion fields,

Lci+s = χ̄i(x)
/̄ni

2
ni · As(x−) χi(x) . (25)

This interaction can be represented in terms of soft Wilson lines. Redefining the quark and
gluon fields as

χi(x) = Si(x−) χ(0)
i (x) ,

χ̄i(x) = χ̄(0)
i (x) S†

i (x−) ,

Aµ
i⊥(x) = Si(x−)Aµ

i⊥(x) S†
i (x−) ,

(26)

where

Si(x) = P exp

(
ig

∫ 0

−∞
dt ni · Aa

s(x + tni) ta
)

, (27)

eliminates the interaction Lci+s (including the pure-gluon terms). After this decoupling trans-
formation [5], soft interactions manifest themselves as Wilson lines in operators built from
collinear fields. The soft gluons do not couple to the spin of the collinear particles, and for
the discussion that follows the spin degrees of freedom will be irrelevant.

As written above the soft Wilson lines Si and S†
i are color matrices defined in the fun-

damental representation of the gauge group. The transformations (26) take on a universal
form if we define a soft Wilson line Si in analogy with (27), but with ta replaced by the color
generator T a

i in the appropriate representation for the i-th parton. Representing a generic
collinear field as (φi)αi

ai
(x) with color index ai and Dirac/Lorentz index αi, the soft interactions

can then be decoupled from this field by the redefinition

(φi)
αi
ai

(x) = [Si(x−)]aibi
(φi)

(0)αi

bi
(x) . (28)

Note that even anti-quarks transform according to this rule: in this case T a
i = −(ta)T , which

translates into the anti-path ordering in (26).
Hard interactions among the different jets are integrated out in the effective theory and

absorbed into the Wilson coefficients of operators composed out of products of collinear and
soft fields. Since additional soft fields in the SCET operators would lead to power suppression,
the leading n-jet operators are built from n collinear fields, one for each direction of large
energy flow [50, 51]. The most general such operator with given particle content appears in
the effective Hamiltonian

Heff
n =

∫
dt1 . . . dtn C̃a1...an

α1...αn
(t1, . . . , tn, µ) (φ1)

α1
a1

(x + t1n̄1) . . . (φn)αn
an

(x + tnn̄n) . (29)

Our notation is somewhat unusual, because the Wilson coefficients of these operators carry
spin and color indices. Usually both operators and Wilson coefficients are chosen to be color-
neutral Lorentz scalars. However, writing the operator in this form makes the connection to
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S(ν, µ) =
Γ0

4β2
0

{
4π

αs(ν)

(
1 −

1

r
− ln r

)
+

(
Γ1

Γ0
−

β1

β0

)
(1 − r + ln r) +

β1

2β0
ln2 r

}

(19)

Aγ(ν, µ) =
γ0

2β0
ln

αs(µ)

αs(ν)
(20)

Aγ(ν, µ) =
γ0

2β0
ln

αs(µ)

αs(ν)
(21)

β(αs) = −2αs

[
β0

αs

4π
+ β1

(αs

4π

)2
+ . . .

]
(22)

γcusp(αs) = Γ0
αs

4π
+ Γ1

(αs

4π

)2
+ . . . (23)

r = αs(µ)/αs(ν)

χi(x) = W †
i (x) ξi(x) = W †

i (x)
/ni /̄ni

4
ψi(x) , (24)

Aµ
⊥(x) = W †

i (x) [iDµ
⊥, Wi(x)] . (25)

The i-collinear Wilson lines

Wi(x) = P exp

(
ig

∫ 0

−∞

ds n̄i · Ai(x + sn̄i)

)
(26)

T a
i = ta for quarks

for anti-quark

gives anti-path ordering



Represent amplitudes as vectors in color space: 

Color generator for ith parton                            acts 
as a matrix:   

• ta for quarks, −(ta)T for q’s and -i fabc for gluons 
• product                                   (commutative) 
• charge conservation                     implies:  

Color-space formalism

|c1, c2, . . . , cn〉

Basetto, Ciafaloni, Marchesini ’84; Catani, Seymour ‘96

color index of first parton

T a
i |c1, c2, . . . , cn〉

the generalized expression

dαs

d lnµ
= β(αs, ε) = β(αs) − 2ε αs (8)

for the β-function in d = 4 − 2ε dimensions, where αs ≡ αs(µ) is the renormalized coupling
constant. The simple form of (7) implies that the matrix structure of the anomalous dimension
is the same at all scales, i.e., [Γ({p}, µ1),Γ({p}, µ2)] = 0. The path-ordering symbol can
thus be dropped in (6), and we can directly obtain an expression for the logarithm of the
renormalization factor. Writing Γ({p}, µ, αs(µ)) instead of Γ({p}, µ) to distinguish the explicit
scale dependence from the implicit one induced via the running coupling, we obtain

ln Z(ε, {p}, µ) =

αs∫

0

dα

α

1

2ε − β(α)/α

[

Γ({p}, µ, α) +

α∫

0

dα′

α′

Γ′(α′)

2ε − β(α′)/α′

]

, (9)

where αs ≡ αs(µ), and we have defined

Γ′(αs) ≡
∂

∂ ln µ
Γ({p}, µ, αs) = −γcusp(αs)

∑

i

Ci . (10)

Note that this is a momentum-independent function, which is diagonal in color space. We
have used that, when acting on color-singlet states, the unweighted sum over color generators
can be simplified, because relation (3) implies that

∑

(i,j)

Ti · Tj = −
∑

i

T
2
i = −

∑

i

Ci . (11)

Since the scattering amplitudes are color conserving, this relation can be used in our case.
Note that a different but equivalent form of relation (9) has been given in [3].

It is understood that the result (9) must be expanded in powers of αs with ε treated as a
fixed O(α0

s) quantity. Up to three-loop order this yields

ln Z =
αs

4π

(
Γ′

0

4ε2
+

Γ0

2ε

)
+

(αs

4π

)2
[
−3β0Γ′

0

16ε3
+

Γ′
1 − 4β0Γ0

16ε2
+

Γ1

4ε

]
(12)

+
(αs

4π

)3
[

11β2
0 Γ′

0

72ε4
− 5β0Γ′

1 + 8β1Γ′
0 − 12β2

0 Γ0

72ε3
+

Γ′
2 − 6β0Γ1 − 6β1Γ0

36ε2
+

Γ2

6ε

]

+ O(α4
s),

where we have expanded the anomalous dimensions and β-function as

Γ =
∞∑

n=0

Γn

(αs

4π

)n+1
, Γ′ =

∞∑

n=0

Γ′
n

(αs

4π

)n+1
, β = −2αs

∞∑

n=0

βn

(αs

4π

)n+1
. (13)

Exponentiating the result (12) and taking into account that the different expansion coefficients
Γn commute, it is straightforward to derive an explicit expression for Z. For the convenience
of the reader, we present the result along with the relevant expansion coefficients of the

7

CF or CAi≠j

T i · T j =
∑

a

T a
i T a

j
∑

i

T a
i = 0

8



Leading-power n-jet operators
The leading power operator contains exactly one 
collinear field (     ,     , or       ) from each sector. 

Uncommon to let the Wilson coefficients depend 
on color and spin indices, but it allow us to write         
.       in color-space notation as

9

the color-space notation we use for the scattering amplitudes most transparent. In color-space
notation, the effective Hamiltonian for an n-parton scattering process reads

Heff
n =

∫
dt1 . . . dtn 〈On({t}, µ)|C̃n({t}, µ)〉 , (30)

where µ is the scale at which the SCET operator is renormalized. An n-parton scattering
amplitude is obtained by taking an on-shell matrix element of this operator. In this step
effective-theory loop integrals vanish in dimensional regularization, because they are scale-
less. The on-shell matrix elements are therefore given by their tree-level values, consisting of
products of on-shell spinors and polarization vectors defined through the relations

〈0|(χj)
a
α(tjn̄j)|pi; ai, si〉 = δij δaia e−itin̄i·pi uα(pi, si) ,

〈0|(Aj⊥)a
µ(tjn̄j)|pi; ai, si〉 = δij δaia e−itin̄i·pi εµ(pi, si) .

(31)

Loop corrections to the scattering amplitude are encoded in the Wilson coefficients C̃n({t}, µ).
The integrations over ti in (30) produce the Fourier-transform Cn({p}, µ) of these coefficients,
which after contraction with the spinors and polarization vectors arising when taking the tree-
level matrix element is in one-to-one correspondence with the scattering amplitudes [3], as
shown in (2).

3.2 Soft-collinear factorization and decoupling

To obtain the general form of the anomalous-dimension matrix Γ defined in (4), we now derive
a factorization theorem for the matrix elements of SCET operators. The first factorization step
has already been achieved in (30), which separates hard from soft and collinear fluctuations.
In a second step, we separate the collinear and soft degrees of freedom using the decoupling
transformation (26), which eliminates the leading-power interactions among soft and collinear
fields. Since collinear fields from different sectors do not interact directly, this completely
factorizes the matrix element into a soft part S, given by a product of Wilson lines along the
directions ni, and a product of collinear matrix elements Ji for each direction.

RG invariance implies that the right-hand side of (30) must be independent of the renormal-
ization scale. Denoting by Γh ≡ Γ the anomalous-dimension matrix of the hard contributions
contained in the Wilson coefficient functions Cn and by Γc+s the anomalous dimension associ-
ated with the collinear and soft contributions contained in the matrix elements of the SCET
operators,1 it follows that Γh = Γc+s. The decoupling transformation, which removes the
interactions of collinear fields with soft gluons and absorbs them into Wilson lines [5], allows
us to further decompose Γc+s = Γc +Γs. There are no mixed soft-collinear contributions. The
collinear piece Γc =

∑
i Γ

i
c is a sum over color-singlet single-particle contributions, because the

fields belonging to different collinear sectors of SCET do not interact with one another. Hence,
contributions to the anomalous dimension involving correlations between different partons only
reside in the soft and hard contributions, Γs and Γh, and they coincide.

1Following common practice, we define the anomalous dimensions of operators with the opposite sign
compared to those for Wilson coefficients.
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Soft function
The SCET decoupling transformation removes 
soft interactions among collinear fields and 
absorbs them into soft Wilson lines  

For n-jet operator one gets:

Si = P exp
[
ig

∫ 0

−∞
dt ni · Aa(tni)T a

i

]

S({n}, µ) = 〈0|S1(0) . . .Sn(0)|0〉 = exp(S̃({n}, µ))

ni ~ pi light-like reference vector

...

n1

n2

n3

n4

n5

nn

Figure 1: Graphical representation of the soft operator S({n}, µ) corresponding to an n-parton
scattering amplitude. The n light-like Wilson lines start at the origin and run to infinity. The
dots represent open color indices.

constrained by the simplicity of soft gluon interactions, which only probe the direction of the
Wilson lines and their color charge. When the color indices are contracted in color-singlet
combinations, then S({n}, µ) turns into products of closed Wilson loops, which touch or
intersect each other at the origin. The renormalization properties of such Wilson loops have
been studied extensively in the literature, see e.g. [8, 9, 23, 52–55] and references therein.
We will use several results obtained in these studies and generalize them to the case of the
Wilson-line operator in (32). We will also indicate where known properties of Wilson loops
correspond to certain features of the effective theory and vice versa.

For on-shell amplitudes, the loop integrals in the effective theory have both IR and UV
divergences and vanish in dimensional regularization. This makes the correspondence be-
tween the Wilson coefficients in (30) and the amplitudes manifest. However, because of these
cancellations we cannot use on-shell amplitudes to obtain the anomalous dimensions of the
SCET operators. To separate out the UV divergences we need to consider IR-finite quantities.
The simplest possibility is to consider slightly off-shell n-parton amputated Green’s functions
Gn({p}). However, in this case we encounter a subtlety. While the off-shell Green’s function
in QCD and SCET are IR finite, this is no longer the case after the field redefinition (26).
Field redefinitions leave “physical” quantities such as on-shell matrix elements unchanged,
but they can change the off-shell behavior of fields. To calculate the anomalous dimensions
perturbatively from off-shell Green’s functions, one should use the original, non-decoupled
fields.2 For the case of the quark form factor, the corresponding one-loop calculation in the
effective theory was performed in [56]. Generalizing this result to n-point functions, we find

2Alternatively, one can perform the calculations using a different IR regulator, e.g. by considering finite-
length Wilson lines with n2

i != 0 [25].
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Soft-collinear factorization: n jet case

Jet functions Ji = Ji (pi2)

H

J J

J J

Hard function H ≡ Cn 
depends on large 
momentum transfers 
sij between jets

S

Sen 1983; Kidonakis, Oderda, Sterman 1998
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Soft function S depends 

on scales Λij =
p2

i p
2
j

sij



One-loop result
An explicit calculation gives the the following 
results for the divergent part of the soft and jet 
functions 

see our Sudakov form factor calculation in the 
first lecture! 
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On-shell matching
To determine the hard function, calculate on-shell amplitudes                  
.                   . in QCD and effective theory. 

In effective theory all loop corrections vanish on-shell, because 
integrals are scaleless. The IR divergences of the on-shell amplitudes 
are equal to the UV divergences of Cn.

symbolically:

.
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soft and collinear loop integralson-shell amp. Cn

order and some comments on the behavior of our color structures in the large-Nc limit are
compiled in two appendices.

2 IR factorization and RG invariance

The key observation of our letter [3] was that the IR singularities of on-shell amplitudes in
massless QCD are in one-to-one correspondence to the UV poles of operator matrix elements
in SCET. These poles can therefore be subtracted by means of a multiplicative renormaliza-
tion factor Z, which is a matrix in color space. Specifically, we have shown that the finite
remainders of the scattering amplitudes can be obtained from the IR divergent, dimensionally
regularized amplitudes via the relation

|Mn({p}, µ)〉 = lim
ε→0

Z
−1(ε, {p}, µ) |Mn(ε, {p})〉 . (1)

Here {p} ≡ {p1, . . . , pn} represents the set of the momentum vectors of the n partons, and
µ denotes the factorization scale. The quantity |Mn(ε, {p})〉 on the right-hand side is a
UV-renormalized, on-shell n-parton scattering amplitude with IR singularities regularized in
d = 4 − 2ε dimensions. After coupling constant renormalization, these amplitudes are UV
finite. Apart from trivial spinor factors and polarization vectors for the external particles, the
minimally subtracted scattering amplitudes |Mn({p}, µ)〉 on the left-hand side of (1) coincide
with Wilson coefficients of n-jet operators in SCET [3], to be defined later:

|Mn({p}, µ)〉 = |Cn({p}, µ)〉 × [on-shell spinors and polarization vectors] . (2)

We postpone a more detailed discussion of the effective theory to Section 3 and proceed to
study the implications of this observation.

To analyze the general case of an arbitrary n-parton amplitude, it is convenient to use the
color-space formalism of [21, 22], in which amplitudes are treated as n-dimensional vectors
in color space. Ti is the color generator associated with the i-th parton in the scattering
amplitude, which acts as an SU(Nc) matrix on the color indices of that parton. Specifically,
one assigns (T a

i )αβ = taαβ for a final-state quark or initial-state anti-quark, (T a
i )αβ = −taβα for

a final-state anti-quark or initial-state quark, and (T a
i )bc = −ifabc for a gluon. We also use

the notation Ti · Tj ≡ T a
i T a

j summed over a. Generators associated with different particles
trivially commute, Ti · Tj = Tj · Ti for i %= j, while T 2

i = Ci is given in terms of the quadratic
Casimir operator of the corresponding color representation, i.e., Cq = Cq̄ = CF for quarks or
anti-quarks and Cg = CA for gluons. Because they conserve color, the scattering amplitudes
fulfill the relation ∑

i

T
a
i |Mn(ε, {p})〉 = 0 . (3)

It follows from (1) that the minimally subtracted scattering amplitudes satisfy the RG
equation

d

d lnµ
|Mn({p}, µ)〉 = Γ({p}, µ) |Mn({p}, µ)〉 , (4)

5

≡ |C̃n�⊗|Mn�

p2
i = 0



On-shell matching
The tree-level matrix element of SCET fields are 

and the convolutions in 

produce the Fourier transformed Wilson 
coefficient ala   sdflala which depend on the large 
momentum components          , or equivalently sij  
since
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the color-space notation we use for the scattering amplitudes most transparent. In color-space
notation, the effective Hamiltonian for an n-parton scattering process reads

Heff
n =

∫
dt1 . . . dtn 〈On({t}, µ)|C̃n({t}, µ)〉 , (30)

where µ is the scale at which the SCET operator is renormalized. An n-parton scattering
amplitude is obtained by taking an on-shell matrix element of this operator. In this step
effective-theory loop integrals vanish in dimensional regularization, because they are scale-
less. The on-shell matrix elements are therefore given by their tree-level values, consisting of
products of on-shell spinors and polarization vectors defined through the relations

〈0|(χj)
a
α(tjn̄j)|pi; ai, si〉 = δij δaia e−itin̄i·pi uα(pi, si) ,

〈0|(Aj⊥)a
µ(tjn̄j)|pi; ai, si〉 = δij δaia e−itin̄i·pi εµ(pi, si) .

(31)

Loop corrections to the scattering amplitude are encoded in the Wilson coefficients C̃n({t}, µ).
The integrations over ti in (30) produce the Fourier-transform Cn({p}, µ) of these coefficients,
which after contraction with the spinors and polarization vectors arising when taking the tree-
level matrix element is in one-to-one correspondence with the scattering amplitudes [3], as
shown in (2).

3.2 Soft-collinear factorization and decoupling

To obtain the general form of the anomalous-dimension matrix Γ defined in (4), we now derive
a factorization theorem for the matrix elements of SCET operators. The first factorization step
has already been achieved in (30), which separates hard from soft and collinear fluctuations.
In a second step, we separate the collinear and soft degrees of freedom using the decoupling
transformation (26), which eliminates the leading-power interactions among soft and collinear
fields. Since collinear fields from different sectors do not interact directly, this completely
factorizes the matrix element into a soft part S, given by a product of Wilson lines along the
directions ni, and a product of collinear matrix elements Ji for each direction.

RG invariance implies that the right-hand side of (30) must be independent of the renormal-
ization scale. Denoting by Γh ≡ Γ the anomalous-dimension matrix of the hard contributions
contained in the Wilson coefficient functions Cn and by Γc+s the anomalous dimension associ-
ated with the collinear and soft contributions contained in the matrix elements of the SCET
operators,1 it follows that Γh = Γc+s. The decoupling transformation, which removes the
interactions of collinear fields with soft gluons and absorbs them into Wilson lines [5], allows
us to further decompose Γc+s = Γc +Γs. There are no mixed soft-collinear contributions. The
collinear piece Γc =

∑
i Γ

i
c is a sum over color-singlet single-particle contributions, because the

fields belonging to different collinear sectors of SCET do not interact with one another. Hence,
contributions to the anomalous dimension involving correlations between different partons only
reside in the soft and hard contributions, Γs and Γh, and they coincide.

1Following common practice, we define the anomalous dimensions of operators with the opposite sign
compared to those for Wilson coefficients.
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fields. Since collinear fields from different sectors do not interact directly, this completely
factorizes the matrix element into a soft part S, given by a product of Wilson lines along the
directions ni, and a product of collinear matrix elements Ji for each direction.

RG invariance implies that the right-hand side of (30) must be independent of the renormal-
ization scale. Denoting by Γh ≡ Γ the anomalous-dimension matrix of the hard contributions
contained in the Wilson coefficient functions Cn and by Γc+s the anomalous dimension associ-
ated with the collinear and soft contributions contained in the matrix elements of the SCET
operators,1 it follows that Γh = Γc+s. The decoupling transformation, which removes the
interactions of collinear fields with soft gluons and absorbs them into Wilson lines [5], allows
us to further decompose Γc+s = Γc +Γs. There are no mixed soft-collinear contributions. The
collinear piece Γc =

∑
i Γ

i
c is a sum over color-singlet single-particle contributions, because the

fields belonging to different collinear sectors of SCET do not interact with one another. Hence,
contributions to the anomalous dimension involving correlations between different partons only
reside in the soft and hard contributions, Γs and Γh, and they coincide.

1Following common practice, we define the anomalous dimensions of operators with the opposite sign
compared to those for Wilson coefficients.
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S(ν, µ) =
Γ0

4β2
0

{
4π

αs(ν)

(
1 −

1

r
− ln r

)
+

(
Γ1

Γ0
−

β1

β0

)
(1 − r + ln r) +

β1

2β0
ln2 r

}

(19)

Aγ(ν, µ) =
γ0

2β0
ln

αs(µ)

αs(ν)
(20)

Aγ(ν, µ) =
γ0

2β0
ln

αs(µ)

αs(ν)
(21)

β(αs) = −2αs

[
β0

αs

4π
+ β1

(αs

4π

)2
+ . . .

]
(22)

γcusp(αs) = Γ0
αs

4π
+ Γ1

(αs

4π

)2
+ . . . (23)

r = αs(µ)/αs(ν)

χi(x) = W †
i (x) ξi(x) = W †

i (x)
/ni /̄ni

4
ψi(x) , (24)

Aµ
⊥(x) = W †

i (x) [iDµ
⊥, Wi(x)] . (25)

The i-collinear Wilson lines

Wi(x) = P exp

(
ig

∫ 0

−∞

ds n̄i · Ai(x + sn̄i)

)
(26)

T a
i = ta

Heff
n =

∫
dt1 . . . dtn C̃a1...an

α1...αn
(t1, . . . , tn, µ) (27)

× (φ1)
α1
a1

(x + t1n̄1) . . . (φn)αn
an

(x + tnn̄n) . (28)

χi(x) = Si(x−)χ(0)
i (x) ,

χ̄i(x) = χ̄(0)
i (x)S†

i (x−) ,

Aµ
i⊥(x) = Si(x−)A(0)µ

i⊥ (x)S†
i (x−) ,

(29)

where

Si(x) = P exp

(
ig

∫ 0

−∞

dt ni · A
a
s(x + tni) ta

)
, (30)

χi,
χ̄i,
Ai⊥

1

εIR
=

1

εUV
+

(
1

εIR
−

1

εUV

)

sij = 2σij pi · pj =
1

2
σij ni · nj n̄i · pi n̄j · pj + O(λ)

pµ
i = n̄i · pi

nµ
i

2
+ O(λ)



Renormalization
So (up to spinors and polarization vectors) the on-
shell amplitudes in QCD are equal to bare Wilson 
coefficients of n-jet operators in SCET. 

Renormalize  

  
• IR poles of scattering amplitudes mapped 

onto UV poles of n-jet SCET operators 

• Multiplicative subtraction, controlled by RG

|Cn({p}, µ)〉 = lim
ε→0

Z−1(ε, {p}, µ) |Mn(ε, {p})〉

renormalization factor
(minimal subtraction of IR poles)

TB, Neubert 2009
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Renormalization
The scale dependence of the Wilson is governed 
by a renormalization group equation 

with 

Formal solution

16

anomalous-dimension matrix

d

d lnµ
|Cn({p}, µ)〉 = Γ(µ, {p}) |Cn({p}, µ)〉

where the anomalous dimension is related to the Z-factor by

Γ({p}, µ) = −Z
−1(ε, {p}, µ)

d

d ln µ
Z(ε, {p}, µ) . (5)

The formal solution to this equation can be written in the form

Z(ε, {p}, µ) = P exp

[∫ ∞

µ

dµ′

µ′ Γ({p}, µ′)

]
, (6)

where the path-ordering symbol P means that matrices are ordered from left to right according
to decreasing values of µ′. The upper integration value follows from asymptotic freedom and
the fact that Z = 1 + O(αs).

In the Section 4, we will discuss theoretical arguments supporting an all-order conjecture
for the anomalous-dimension matrix presented in [3], which states that it has the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs) , (7)

where sij ≡ 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are both
incoming or outgoing, and σij = −1 otherwise. Here and below the sums run over the n
external partons. The notation (i1, ..., ik) refers to unordered tuples of distinct parton indices.
Our result features only pairwise correlations among the color charges and momenta of different
partons. These are the familiar color-dipole correlations arising already at one-loop order from
a single soft gluon exchange. The fact that higher-order quantum effects do not induce more
complicated structures and multi-particle correlations indicates a semi-classical origin of IR
singularities. Besides wave-function-renormalization-type subtractions accomplished by the
single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structure resembles
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit

6

where the anomalous dimension is related to the Z-factor by

Γ({p}, µ) = −Z
−1(ε, {p}, µ)

d

d ln µ
Z(ε, {p}, µ) . (5)

The formal solution to this equation can be written in the form

Z(ε, {p}, µ) = P exp

[∫ ∞

µ

dµ′

µ′ Γ({p}, µ′)

]
, (6)

where the path-ordering symbol P means that matrices are ordered from left to right according
to decreasing values of µ′. The upper integration value follows from asymptotic freedom and
the fact that Z = 1 + O(αs).

In the Section 4, we will discuss theoretical arguments supporting an all-order conjecture
for the anomalous-dimension matrix presented in [3], which states that it has the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs) , (7)

where sij ≡ 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are both
incoming or outgoing, and σij = −1 otherwise. Here and below the sums run over the n
external partons. The notation (i1, ..., ik) refers to unordered tuples of distinct parton indices.
Our result features only pairwise correlations among the color charges and momenta of different
partons. These are the familiar color-dipole correlations arising already at one-loop order from
a single soft gluon exchange. The fact that higher-order quantum effects do not induce more
complicated structures and multi-particle correlations indicates a semi-classical origin of IR
singularities. Besides wave-function-renormalization-type subtractions accomplished by the
single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structure resembles
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit

6



Two-loop result for Γ
Anomalous dimension is extremely simple: 

• simple structure, reminiscent of QED 

• IR poles determined by color charges and 
momenta of external partons  

• color dipole correlations, like at one-loop order

The formal solution to this equation can be written in the form
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single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structure resembles
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit
calculation in [30, 31]. More recently, the analysis was extended to the subclass of three-
loop graphs containing fermion loops [32]. In Section 6.2 we will present a simple symmetry
argument explaining these results.

To derive the perturbative expansion of the Z-factor from the formal solution (6) we use

6

sum over pairs
i≠j of partons

color charges
anom. dimensions, 

known to three-loop order 

(pi + pj)2
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Z factor to three loops
Explicit result: 

Perturbative expansion:

18

lnZ =
αs

4π

(
Γ′

0

4ε2
+

Γ0

2ε

)
+

(αs

4π

)2
[
−3β0Γ′

0

16ε3
+

Γ′
1 − 4β0Γ0

16ε2
+

Γ1

4ε

]

+
(αs

4π

)3
[

11β2
0 Γ′

0

72ε4
− 5β0Γ′

1 + 8β1Γ′
0 − 12β2

0 Γ0

72ε3
+

Γ′
2 − 6β0Γ1 − 6β1Γ0

36ε2
+

Γ2

6ε

]
+ . . .

the generalized expression

dαs

d lnµ
= β(αs, ε) = β(αs) − 2ε αs (8)

for the β-function in d = 4 − 2ε dimensions, where αs ≡ αs(µ) is the renormalized coupling
constant. The simple form of (7) implies that the matrix structure of the anomalous dimension
is the same at all scales, i.e., [Γ({p}, µ1),Γ({p}, µ2)] = 0. The path-ordering symbol can
thus be dropped in (6), and we can directly obtain an expression for the logarithm of the
renormalization factor. Writing Γ({p}, µ, αs(µ)) instead of Γ({p}, µ) to distinguish the explicit
scale dependence from the implicit one induced via the running coupling, we obtain

ln Z(ε, {p}, µ) =

αs∫

0

dα

α

1

2ε − β(α)/α

[

Γ({p}, µ, α) +

α∫

0

dα′

α′

Γ′(α′)

2ε − β(α′)/α′

]

, (9)

where αs ≡ αs(µ), and we have defined

Γ′(αs) ≡
∂

∂ ln µ
Γ({p}, µ, αs) = −γcusp(αs)

∑

i

Ci . (10)

Note that this is a momentum-independent function, which is diagonal in color space. We
have used that, when acting on color-singlet states, the unweighted sum over color generators
can be simplified, because relation (3) implies that

∑

(i,j)

Ti · Tj = −
∑

i

T
2
i = −

∑

i

Ci . (11)

Since the scattering amplitudes are color conserving, this relation can be used in our case.
Note that a different but equivalent form of relation (9) has been given in [3].

It is understood that the result (9) must be expanded in powers of αs with ε treated as a
fixed O(α0

s) quantity. Up to three-loop order this yields

ln Z =
αs

4π

(
Γ′0
4ε2

+
Γ0

2ε

)
+

(αs

4π

)2
[
−3β0Γ′0

16ε3
+
Γ′1 − 4β0Γ0

16ε2
+

Γ1

4ε

]
(12)

+
(αs

4π

)3
[

11β2
0 Γ

′
0

72ε4
− 5β0Γ′1 + 8β1Γ′0 − 12β2

0 Γ0

72ε3
+
Γ′2 − 6β0Γ1 − 6β1Γ0

36ε2
+

Γ2

6ε

]

+ O(α4
s),

where we have expanded the anomalous dimensions and β-function as

Γ =
∞∑

n=0

Γn

(αs

4π

)n+1
, Γ′ =

∞∑

n=0

Γ′n

(αs

4π

)n+1
, β = −2αs

∞∑

n=0

βn

(αs

4π

)n+1
. (13)

Exponentiating the result (12) and taking into account that the different expansion coefficients
Γn commute, it is straightforward to derive an explicit expression for Z. For the convenience
of the reader, we present the result along with the relevant expansion coefficients of the
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⇒ exponentiation yields Z factor at three loops!



Constraints on Γ 
There are many constraints on the anomalous dimension 

• Soft-Collinear factorization relates 

 

• Non-abelian exponentiation constrains possible 
color structures in  

• Collinear factorization of amplitudes gives 
constraints on coefficient functions 

Two-loop result is so simple because of these constraints, 
only at three-loop order new structures appear!

ΓH = ΓS + ∑
i

ΓJi
1

ΓS

19



• Operator matrix elements must evolve in the same way as 
hard matching coefficients, such that physical observables 
are scale independent 

• Factorization of matrix element then implies 
(with                   ): 

• suggests logarithmic dependence on sij and Mi2  

• Γ and ΓS must have same color structure

Factorization constraint on Γ

pi2 dependence must cancel!

trivial color structure

20

1

n · k1

1

n · (k1 + k2)
+

1

n · k2

1

n · (k1 + k2)
=

1

n · k1

1

n · k2

LSCET = q̄s iD/s qs −
1

4
(F s a

µν )2

+
n∑

i=1

{
ξ̄i

/̄n

2

[
ini · D + iD/ci⊥

1

in̄i · Dci
iD/ci⊥

]
ξi −

1

4
(F ci a

µν )2
}

Γ(sij) = Γs(Λij) +
∑

i

Γi
c(p

2
i )1 (31)
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n · k1

1

n · (k1 + k2)
+

1

n · k2

1

n · (k1 + k2)
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1

n · k1
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n · k2

LSCET = q̄s iD/s qs −
1

4
(F s a

µν )2

+
n∑

i=1

{
ξ̄i

/̄n

2

[
ini · D + iD/ci⊥

1

in̄i · Dci
iD/ci⊥

]
ξi −

1

4
(F ci a

µν )2
}

Γ(sij) = Γs(Λij) +
∑

i

Γi
c(p

2
i )1 (31)

Λij =
p2

i p2
j

sij
(32)



Non-abelian exponentiation
The soft function is a matrix element of Wilson lines.  

In massive QED, eikonal identities  

imply that such matrix elements exponentiate, i.e. that the 
exponent     does not receive higher order corrections!  

QCD case is more complicated because the color matrices 
in the numerator do not commute.

21

S({n}, µ) = 〈0|S1(0) . . .Sn(0)|0〉 = exp(S̃({n}, µ))

S(ν, µ) =
Γ0

4β2
0

{
4π

αs(ν)

(
1 −

1

r
− ln r

)
+

(
Γ1

Γ0
−

β1

β0

)
(1 − r + ln r) +

β1

2β0
ln2 r

}

(19)

Aγ(ν, µ) =
γ0

2β0
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−∞

dt ni · A
a
s(x + tni) ta
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• The exponent     receives contributions only from 
Feynman diagrams whose color weights are “color-
connected” (or “maximally non-abelian”) 

• Color-weight graphs associated with each 
Feynman diagram can be simplified using the Lie 
commutator relation: 

Non-abelian exponentiation
Gatheral 1983; Frenkel and Taylor 1984

=!

Figure 4: Diagrammatic form of the Lie commutator relation. Gluons are drawn as wavy lines
in order to distinguish color-weight graphs from Feynman diagrams.

Wilson loops, which depends on the set of all hyperbolic angles formed by the tangent vectors
at the cross point [54]. Generalizing these results to our case, where the Wilson-line operators
are matrices in color space as shown in (32), the renormalization factor must be promoted to
a soft matrix Zs acting on the product space of the color representations of the n partons.

RG invariance implies that the renormalization factor can be constructed in the usual
way from a soft anomalous-dimension matrix Γs. For the case of a single cusp, the two-loop
expression for the anomalous dimension was first obtained in [23, 24].

4.2 Non-abelian exponentiation theorem

The structure of the soft anomalous-dimension matrix is restricted by the non-abelian ex-
ponentiation theorem [8, 9], which implies that purely virtual amplitudes in the eikonal ap-
proximation (i.e., with only soft gluon interactions taken into account) can be written as
exponentials of simpler quantities, which only receive contributions from Feynman graphs
whose color weights are “maximally non-abelian” (or “color-connected”). Applied to our case,
it follows that the logarithm of the soft Zs-factor, and with it the soft anomalous-dimension
matrix Γs, only receives such contributions.

We follow the diagrammatic approach to the non-abelian exponentiation theorem devel-
oped in [9], since it is more explicit and intuitive than the iterative construction presented in
[8]. To each Feynman diagram we assign a color-weight diagram, in which vertices are replaced
by color matrices (ta)ij or structure constants −ifabc (or, more generally, by generators T a in
the appropriate representation of the gauge group), and propagators by δij for quarks and δab

for gluons or ghosts. Color diagrams may be related to one another by use of the Lie algebra
relation [T a, T b] = ifabc T c, as illustrated in Figure 4. In the adjoint representation this is
called the Jacobi identity. One defines a web as a connected sets of gluon lines, counting
crossed lines as being connected. As a special case, one defines a connected web as a connected
set of gluon lines not counting crossed lines as being connected. Examples of these definitions
are given in Figure 5. It has been shown in [9] that using the Lie commutator relation any
color-weight diagram can be written as a sum over products of connected webs. Furthermore,
only singly connected webs contribute to the color weights in the exponent.

The above definitions imply that the singly connected webs contain those diagrams that
are two-particle (rainbow) irreducible diagrams with respect to the Wilson lines [23]. Note
that in our case the gluons can be attached to more than two Wilson lines, provided there are
more than two external partons. The fact that only singly connected webs contribute to the
logarithm of the Zs-factor (and hence to the anomalous dimension), while products of webs
contribute to the Zs-factor itself, is in analogy to the usual structure of UV divergences in

17

T aT b − T bT a = ifabcT c

S̃
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Color-connected webs

The dots indicate attachments to a leg. Can 
always symmetrize products of generators.

24

Figure 2: Color-connected webs appearing up to four-loop order in the soft anomalous dimension
Γs. The webs represented by these graphs are the color structures that arise if the wavy lines are
replaced by gluons in the corresponding (fully connected) tree-level Feynman graphs.

multiple Wilson lines has been developed in [14, 15, 31–35]. It is based on an efficient method
to evaluate the diagrammatic contributions to the exponent S̃ introduced in [14, 36]. The
technique is called the “replica trick” and is well known in statistical physics (see e.g. [37]),
where it can be used to compute the logarithm of the partition function. It is based on the
identity

S̃ = lnS = lim
N→0

SN → 1

N
. (10)

The trick consists in evaluating SN with N replicas of QCD. The contribution to the exponent
S̃ is then obtained after expanding the result for SN in a Taylor series in N and picking up
the linear term. To get the N th power of S, one has to order the color matrices of the different
replicas on the Wilson line, i.e. one starts with the color matrices associated with the first
copy and ends with the ones of the N th copy when moving along the Wilson line.

An efficient way to compute the diagrams of the replicated theory is to draw the usual (non-
replicated) QCD Wilson-line diagrams and then assign different replicas to different gluons in
the diagram. To get the result in the replicated theory, one then has to add the proper com-
binatorial factor for each replica assignment. For example, if the diagram is fully connected,
only a single replica can contribute, because the different replicas are independent copies of
QCD and do not interact with each other. Since there are N replicas, the combinatorial factor
is N and the diagram directly contributes to S̃. This gives the basic, but important state-
ment that fully connected diagrams contribute to the exponent S̃. Given that these diagrams
are color connected, it is clear that the structures shown in Figure 2 are indeed present in
S̃. What remains to be shown is that the exponent does not involve any color-disconnected
contributions from other diagrams.

It is easy to show that disconnected diagrams do not give a contribution to the exponent,
since they scale as N2, as each part of the diagram can involve a different replica. The
interesting class of diagrams, which we will study in the following, are connected diagrams

6

3 Reduction to symmetrized color structures

One can further simplify the connected webs shown in Figure 2 by symmetrizing the attach-
ments to the Wilson lines, as we did in [11]. Explicitly, the corresponding symmetrized color
structures are (sums over repeated color indices are implied)1

Dij = T
a
i T

a
j → Ti · Tj , starting at one-loop order,

Tijk = ifabc
(
T

a
i T

b
j T

c
k

)
+
, starting at two-loop order,

Tijkl = fadef bce
(
T

a
i T

b
j T

c
kT

d
l

)
+
, starting at three-loop order,

DR
ijkl = dabcdR T

a
i T

b
j T

c
kT

d
l , starting at four-loop order,

Tijklm = ifadff bcgf efg
(
T

a
i T

b
j T

c
kT

d
l T

e
m

)
+
, starting at four-loop order.

(20)

Here

da1...anR = TrR
(
T

a1 . . .T an
)
+
→

1

n!

∑

ω

Tr
(
T

aπ(1)

R . . .T
aπ(n)

R

)
(21)

are symmetric invariant tensors given in terms of traces over symmetrized products of group
generators in the representation R. The (. . . )+ prescription only acts on generators attached to
the same particle line, e.g. Tijij = fadef bce (T a

i T
c
i )+(T

b
j T

d
j )+ for i "= j. For the structures Dij...

there is no need to write a (. . . )+ prescription, because they are totally symmetric in their color
indices. Note that (at least up to four-loop order) symmetric structures with an odd number of
indices do not arise. In particular, the color-symmetric three-gluon web dabcR T a

i T
b
j T

c
k does not

appear in perturbative calculations of the three-gluon vertex function up to four-loop order
[38–40]. In [40], an argument based on Bose symmetry and charge-conjugation invariance was
given that this should hold to all orders in perturbation theory.

While the color structures Dij and DR
ijkl are totally symmetric in their indices, the various

T structures have more complicated symmetry properties. Tijk is totally antisymmetric in its
indices, and it vanishes if two or three indices coincide. The structure Tijkl obeys the same
symmetry relations as the conformal cross ratios ωijkl in (6), i.e.

Tijkl = Tjilk = −Tikjl = −Tljki = Tklij . (22)

It vanishes if three or four indices coincide. For two identical indices, the non-vanishing
symbols are [11]

Tiijj = −Tijij = fadef bce
(
T

a
i T

b
i

)
+

(
T

c
j T

d
j

)
+
,

Tiijk = −Tijik = −Tjiki = Tjkii = fadef bce
(
T

a
i T

b
i

)
+
T

c
j T

d
k .

(23)

Useful identities for the 5-index symbol Tijklm have been derived in [21]. In particular, it
satisfies the relations

Tijklm = −Tikjlm = −Tljkim = −Tjilkm , (24)

1Compared with [21] we have included an extra factor of i in the definition of the 5-index symbol Tijklm.
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• With off-shellness pi2≠0 as IR regulator to define 
the soft and collinear scales, we obtain:

Soft-collinear factorization constraint

it is necessary to either consider physical quantities, which are IR finite, or to introduce an
IR regulator scale in order to define the collinear and soft scales. Using a regulator introduces
some arbitrariness and scheme dependence into the calculation of the individual contributions,
which however vanishes in their sum (see also [29, 31]). For concreteness, we introduce a small
off-shellness (−p2

i ) > 0 for the external partons, taking the limit p2
i → 0 wherever possible.

The decomposition of a generic hard logarithm then reads

ln
µ2

−sij

= ln
µ2

−2σij pi · pj

= ln
µ2

−p2
i

+ ln
µ2

−p2
j

− ln
−2σij pi · pj µ2

(−p2
i )(−p2

j )
. (43)

This is precisely the structure of collinear and soft logarithms found in [56]. Measuring all
scales in units of the hard scale, we have the power counting pi · pj ∼ 1 for the hard scales,
p2

i ∼ p2
j ∼ λ for the collinear scales, and p2

i p2
j/pi · pj ∼ λ2 for the soft scales, in accordance

with the general discussion in Section 3.1.
In our discussion below we will assume that such a regularization is employed. We then

introduce the notations3

βij = ln
−2σij pi · pj µ2

(−p2
i )(−p2

j)
, Li = ln

µ2

−p2
i

(44)

for the logarithms of the soft and collinear scales, respectively. The definition of βij generalizes
that of the cusp angle in (39) to the case of light-like Wilson lines. The role of the soft scale
in (40) is played by Λ2

s = (−p2
i )(−p2

j )/(−2σij pi · pj). Relation (43) can now be rewritten as

βij = Li + Lj − ln
µ2

−sij

. (45)

4.4 General structure of the soft anomalous-dimension matrix

We are now ready to analyze the structure of the anomalous-dimension matrix of n-jet SCET
operators. From Section 3.2 we write the decomposition into soft and collinear pieces as

Γ({p}, µ) = Γs({β}, µ) +
∑

i

Γi
c(Li, µ) , (46)

where the collinear terms are diagonal in color space. The total anomalous dimension depends
on the n(n−1)/2 kinematical variables sij, while its soft counterpart depends on the n(n−1)/2
cusp angles βij, as indicated. The collinear pieces are single-particle terms, each depending on
a single collinear scale Li. The general form of the collinear part of the anomalous dimension
is known to be of the form [56]

Γi
c(Li) = −Γi

cusp(αs) Li + γi
c(αs) . (47)

We now substitute for the cusp angles entering the soft anomalous-dimension matrix the
expression on the right-hand side of (45). This yields Γs({s}, {L}, µ) as a function of the

3At leading power in the effective theory, the product 2pi · pj in the argument of the first logarithm is
replaced by 1

2
ni · nj n̄i · pi n̄j · pj , see (33).

20

βij = ln
−sij µ2

(−p2
i )(−p2

j )

Li = ln
µ2

−p2
i

hard log

collinear log

soft log
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Decompositions: 

Key equation: 

Suggests linearity in βij and significantly restricts 
color structures.

Soft anomalous-dimension matrix
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is known to be of the form [56]
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variables sij and Li. The dependence on the collinear scales must cancel when we combine
the soft and collinear contributions to the total anomalous-dimension matrix. We thus obtain
the relation

∂Γs({s}, {L}, µ)

∂Li

= Γi
cusp(αs) , (48)

where the expression on the right-hand side is a unit matrix in color space. This relation
provides an important constraint on the momentum and color structures that can appear in the
soft anomalous-dimension matrix. A corresponding relation has been derived independently
in [29].

Because the kinematical invariants sij can be assumed to be linearly independent, relation
(48) implies that Γs depends only linearly on the cusp angles βij , see (45). The only exception
would be a more complicated dependence on combinations of cusp angles, in which the collinear
logarithms cancel. The simplest such combination is

βijkl = βij + βkl − βik − βjl = ln
(−sij)(−skl)

(−sik)(−sjl)
, (49)

which coincides with the logarithm of the conformal cross ratio ρijkl defined in [29]. This
quantity obeys the symmetry properties

βijkl = βjilk = −βikjl = −βljki = βklij . (50)

It is easy to show that any combination of cusp angles that is independent of collinear loga-
rithms can be expressed via such cross ratios.

Our strategy in Section 6 will be to analyze the structure of the soft anomalous-dimension
matrix first, since it is constrained by the non-abelian exponentiation theorem and the con-
straint (48). The universality of soft gluon interactions implies that the soft contributions only
probe the momentum directions and color charges of the external partons, but not their po-
larization states. Dependence on the parton identities thus only enters via the cusp variables
βij and non-trivial color-conserving structures built out of Ti generators. If our conjecture (7)
is correct, then (47) implies that the soft anomalous-dimension matrix should be given by

Γs({β}, µ) = −
∑

(i,j)

Ti · Tj

2
γcusp(αs) βij +

∑

i

γi
s(αs) , (51)

where
γi(αs) = γi

c(αs) + γi
s(αs) . (52)

Using relation (11) we may indeed confirm that

∂Γs

∂Li

= −
∑

j !=i

Ti · Tj γcusp(αs) = Ci γcusp(αs) ≡ Γi
cusp(αs) , (53)

in accordance with the constraint (48). Note that this result implies Casimir-scaling for the
cusp anomalous dimension, since Γg

cusp(αs)/Γq
cusp(αs) = CA/CF . We will come back to the

significance of this observation in Section 6.4.
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Conformal cross ratios
• Only exception is dependence on conformal cross 

ratios, which are independent of collinear scales: 

• Dependence on such ratios is restricted by 
consistency with collinear limits.
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It is easy to show that any combination of cusp angles that is independent of collinear loga-
rithms can be expressed via such cross ratios.

Our strategy in Section 6 will be to analyze the structure of the soft anomalous-dimension
matrix first, since it is constrained by the non-abelian exponentiation theorem and the con-
straint (48). The universality of soft gluon interactions implies that the soft contributions only
probe the momentum directions and color charges of the external partons, but not their po-
larization states. Dependence on the parton identities thus only enters via the cusp variables
βij and non-trivial color-conserving structures built out of Ti generators. If our conjecture (7)
is correct, then (47) implies that the soft anomalous-dimension matrix should be given by

Γs({β}, µ) = −
∑

(i,j)

Ti · Tj

2
γcusp(αs) βij +

∑

i

γi
s(αs) , (51)

where
γi(αs) = γi

c(αs) + γi
s(αs) . (52)

Using relation (11) we may indeed confirm that

∂Γs

∂Li

= −
∑

j !=i

Ti · Tj γcusp(αs) = Ci γcusp(αs) ≡ Γi
cusp(αs) , (53)

in accordance with the constraint (48). Note that this result implies Casimir-scaling for the
cusp anomalous dimension, since Γg

cusp(αs)/Γq
cusp(αs) = CA/CF . We will come back to the

significance of this observation in Section 6.4.
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Consistency with collinear limits
• When two partons become collinear, an n-point amplitude 

Mn reduces to an (n-1)-parton amplitude times a splitting 
function: 

• ΓSp must be independent of momenta and colors of the 
partons 3, ..., n

5 Consistency with collinear limits

Before turning to a diagrammatic study of the anomalous-dimension matrix we discuss one
more non-trivial constraint it must obey, which derives from the known behavior of scattering
amplitudes in the limit where two or more external partons become collinear.

In the limit where the momenta of two of the external partons become collinear, an n-parton
scattering amplitude factorizes into the product of an (n − 1)-parton scattering amplitude
times a universal, process-independent splitting function. This was first shown at tree level
in [63, 64], and extended to one-loop order in [65]. An all-order proof was given in [66].
Strictly speaking, the proof was constructed for leading-color amplitudes only, but the crucial
ingredients are unitarity and analyticity, and it should be possible to extend it to the general
case. Collinear factorization holds at the level of the leading singular terms. It is often
studied for color-ordered amplitudes, for which the color information is stripped off. The
color-stripped splitting functions for the splitting of a parent parton P into collinear partons
a and b are usually denoted by SplitσP

(aσa , bσb) in the literature, where σi denote the helicities
of the partons. These functions have been calculated at tree level (see, e.g., [67]) and to
one-loop order [68]. In contrast, we will study collinear factorization using the color-space
formalism, extending the work of [69] beyond the one-loop approximation. The splitting
functions, which we denote by Sp({pa, pb}), are then matrices in color space, which depend
on the color generators and momenta of the partons involved in the splitting process. For
Catani’s formula (15), the consistency with collinear limits was shown in [34].

Consider, for concreteness, the limit where the partons 1 and 2 become collinear and merge
into an unresolved parton P . We assign momenta p1 = zP and p2 = (1 − z)P and consider
the collinear limit P 2 → 0. In this limit the scattering amplitude factorizes in the form

|Mn({p1, p2, p3, . . . , pn})〉 = Sp({p1, p2}) |Mn−1({P, p3, . . . , pn})〉 + . . . . (54)

The splitting function encodes the singular behavior of the amplitude |Mn〉 as p1||p2, and the
factorization holds up to terms that are regular in the collinear limit. Analogous relations
describe the behavior in limits where more than two partons become collinear. However, it is
sufficient for our purposes to focus on the simplest case.

The factorization formula (54) holds both for the dimensionally regularized scattering
amplitudes |Mn(ε, {p})〉 as well as for the minimally subtracted amplitudes |Mn({p}, µ)〉 in
(1). Since we know that the divergences of the amplitude can be absorbed into a Z-factor,
equation (54) implies a constraint on the divergences of the splitting function. It can be
written as

lim
ε→0

Z
−1(ε, {p1, . . . , pn}, µ)Sp(ε, {p1, p2}) Z(ε, {P, p3 . . . , pn}) = Sp({p1, p2}, µ) , (55)

where the renormalized splitting function on the right-hand side is finite for ε → 0. From (5)
it then follows that the renormalized splitting function fulfills the RG equation

d

d lnµ
Sp({p1, p2}, µ) = Γ({p1, . . . , pn}, µ)Sp({p1, p2}, µ)

− Sp({p1, p2}, µ)Γ({P, p3 . . . , pn}, µ) .

(56)
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This form may be derived from either the Berends–Giele recurrence relations [17], or else [18]

from the Koba–Nielsen open-string amplitude [19]. Either derivation shows that this factorization

holds only for on-shell (that is, physically polarized) legs a, b, but in arbitrary dimension. The

following arguments will thus go through equally well in the four-dimensional helicity scheme, the

conventional dimensional regularization scheme, or the original ’t Hooft–Veltman scheme.

b

a

a || b
b

a

a+b

Figure 1. A schematic depiction of the collinear factorization of tree-level amplitudes, with

the amplitudes labelled clockwise.

The tree splitting amplitude is given by the appropriate limit of the three-point Berends-Giele

current,

Splittreeσ (aλa , bλb) =
1√
2sab

[

ε(λa)
a · ε(λb)

b (kb − ka) · ε(σ)
−Σ + 2ka · ε

(λb)
b ε(λa)

a · ε(σ)
−Σ − 2kb · ε(λa)

a ε(λb)
b · ε(σ)

−Σ

]

,

(3.3)

where Σ denotes the fused leg, kΣ = ka + kb.

In the limit, eqn. (3.1) then yields,

∑

ph. pol. σ

Splittree−σ (aλa , bλb)

∫

dLIPS4−2ε("1,−"2)

× Atree
n−m+2("1, c, . . . , d,−"2)A

tree
m+1("2, d+1, . . . , (a + b)σ, . . . , c−1,−"1)

=
∑

ph. pol. σ

Splittree−σ (aλa , bλb) A1-loop
n−1 (1, . . . , (a + b)σ, . . . , n)

∣

∣

∣

tc···d cut
.

(3.4)

As noted in section 2, we need not consider cuts where the momenta are on opposite sides of

the cut (in which case they are both necessarily adjacent to it). The above derivation breaks down,

as expected, if a and b are the only legs on one side of the cut; but all contributions except those

detectable in the singular channel take the form presented in eqn. (3.4). This leaves us with the

singular channel, which I consider next.

7

1

2

1

2
1+2

1||2

Analogous equations hold for the higher splitting functions Sp({p1, . . . , pm}, µ), which describe
the limits where more than two partons become collinear. To bring the RG equation into a
more useful form, we note that charge conservation implies

(T1 + T2)Sp({p1, p2}, µ) = Sp({p1, p2}, µ) TP , (57)

where TP is the color generator associated with the parent parton P . Since the splitting
function commutes with the generators of partons not involved in the splitting process, we
can thus commute the anomalous dimension in the second term to the left to obtain

d

d lnµ
Sp({p1, p2}, µ) = ΓSp({p1, p2}, µ)Sp({p1, p2}, µ) , (58)

where we have defined

ΓSp({p1, p2}, µ) = Γ({p1, . . . , pn}, µ) − Γ({P, p3 . . . , pn}, µ)
∣∣
TP→T1+T2

. (59)

The fact that the anomalous dimension of the splitting function must be independent of the
colors and momenta of the partons not involved in the splitting process, which is a conse-
quence of the factorization formula (54), imposes a non-trivial constraint on the form of the
anomalous-dimension matrix. We will explore its implications in Section 6.6.

Assuming the form (7) for the anomalous-dimension matrix Γ, we find that the anomalous
dimension of the splitting function has the form

ΓSp({p1, p2}, µ) = γcusp

[
T1 · T2 ln

µ2

−s12
+ T1 · (T1 + T2) ln z + T2 · (T1 + T2) ln(1 − z)

]

+ γ1 + γ2 − γP , (60)

where γP is the anomalous dimension associated with the unresolved parton P . Note that the
momentum-dependent terms in the result are insensitive to the flavor of the partons involved
in the splitting process. The divergent part of the one-loop splitting function for m partons in
the color-space formalism was given in [69]. Expanding the result obtained there for the case
m = 2, we find

Sp1−loop(ε, {p1, p2}) =
αs

4π

[(
2

ε2
+

2

ε
ln

µ2

−s12

)
T1 · T2

+
2

ε

[
T1 · (T1 + T2) ln z + T2 · (T1 + T2) ln(1 − z)

]

+
1

2ε

(
γ1

0 + γ2
0 − γa

0

)
+ O(ε0)

]
Sptree({p1, p2}) ,

(61)

which is in agreement with the result obtained by solving the RG equation (58).
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4-loop form of Γ

Three-loop result is fully known Almelid, Duhr, Gardi ‘16 
at four loops only  terms and  .ln μ γi

29

color structures DR
ijkl, since the extra terms in (39), which have already been considered above,

give rise to symmetric structures of lower order.
We finally focus on the five-gluon web shown by the last graph in Figure 2, which gives

rise to the primary color structure

Tijklm = ifadff bcgf efg
T

a
i T

b
j T

c
kT

d
l T

e
m . (40)

Once again, it is straightforward to show that it suffices to consider the symmetrized color
structures Tijklm, since all commutator terms can be reduced structures already encountered
in lower orders, including Tijkl and DA

ijkl. For the purpose of illustration, we quote the relevant
relations for the cases where exactly two indices coincide. We find

Tijkim = →Tjiikm =
CA

2
Tijkm ,

Tiiklm = →Tikilm = Tkilim = →Tkliim = Tiiklm →
1

2
DA

iklm →
CA

12
(Tikml + Tilmk) ,

Tijkli = →Tljkii = Tijkli +
CA

4
Tijkl ,

Tijklj = →Tikjlj = Tijklj →
CA

4
Tijkl .

(41)

If three or more indices coincide, the corresponding relations also contain the color structures
Tijk, Dij and 1. As a corollary, note that while at four-loop order in QCD the color structure
DF

ijkl only arises from the four-gluon vertex with an internal quark loop, the corresponding
structure DA

ijkl in the adjoint representation receives contributions also from diagrams without
closed gluon (or ghost) loops.

4 Anomalous dimension up to four-loop order

Combining the constraints imposed by soft-collinear factorization and non-abelian exponenti-
ation, we find that the most general form of the anomalous-dimension matrix up to four-loop
order can be written as

Γ({s}, µ) =
∑

(i,j)

Ti · Tj

2
ωcusp(αs) ln

µ2

→sij
+
∑

i

ωi(αs) 1

+ f(αs)
∑

(i,j,k)

Tiijk +
∑

(i,j,k,l)

Tijkl F (βijlk, βiklj;αs)

+
∑

R

gR(αs)

[∑

(i,j)

(
DR

iijj + 2DR
iiij

)
ln

µ2

→sij
+

∑

(i,j,k)

DR
ijkk ln

µ2

→sij

]

+
∑

R

∑

(i,j,k,l)

DR
ijklG

R(βijlk, βiklj;αs) +
∑

(i,j,k,l)

TijkliH1(βijlk, βiklj;αs)

+
∑

(i,j,k,l,m)

TijklmH2(βijkl, βijmk, βikmj, βjiml, βjlmi;αs) +O(α5
s) .

(42)
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