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Method of regions



To be ready to set up EFTs with multiple low-energy
regions, we discuss the method of regions, a technique to
expand loop (and other) integrals around various limits.

e Very useful by itself!

* Low energy regions < EFT fields
* High-energy contributions < Wilson coefficients

The method provides the mathematical foundation tor
modern EFTs in dimensional regularization.



A simple example

Consider the integral

ln% m’ m* 9 2
= =75 {1;M21M4i } for m* << M

How can we expand the integral before pertorming
the integration”



Nalve expansion

The naive expansion of the integrand leads to ill-
defined expressions:

> k
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IR divergence! For kK ~ m, the expansion was not justified.

To be expected, since the result depends non-
analytically on m/M...



Regions

Split integration into two regions m < A < M
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In the low-energy region (1), k ~ m < M, expand:
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Here, A acts as a UV cut-off.



Regions
In the high-energy region (II), m < k ~ M, expand:

> k
Iy = [ dk
- /A (k2 +m2) (k2 + M?2)

A acts as a IR cut-off.
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The dependence on the regulator (or better
separator) A has cancelled among the ditferent
regions, and we obtain the correct expansion of the
integral.

While the method works, putting hard cut-offs
between the momentum regions is impractical for
complicated loop integrals.

Fortunately, one can get the same result using
dimensional regularization!



Dimensional regularization

Consider our integral in “dimensional regularization”

> k
I= [ dk
/o (k2+m2)(k2+M2)

and calculate the contributions obtained by
expanding the integral in regions (1) and (1), but
without putting an explicit cutoff A.

Dimensional regulator € regulates the IR and UV

divergences which appear in the expanded
iIntegrals.



UV div
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At first sight, it Is surprising that the procedure
works. It looks like we are double counting, since

we integrate both contributions over the full phase
space!

owever, note that the two parts scale differently.
The low energy integrals behave as m=, the high-
energy integrals as M-.

Full integral for arbitrary ¢
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Keeping an explicit cutoft would generate additional
A-¢ pleces, which have to cancel among the two parts
since the full integral is A independent. E.gQ.
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Cut-off part:
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Since the A-¢pieces cancel in the end, we might as
well leave them out from the beginning...




Method of regions

For a review: V.A. Smirnov Springer, Tracts Mod. Phys.177:1-262, 2002

In general, the expansion in dim. reg. Is obtained as
follows:

e |dentity all regions of the integration which lead to
singularities in the limit under consideration.

e Expand the integrand in each region and integrate
over the full phase space.

e SumMmMing the contribution from the different regions
gives the expansion of the original integral.



“Problems in the strategy of regions”
V.A. Smirnov, Phys. Lett. B465:226-234,1999

* Make sure the expanded integrals are regularized.

* Sometimes dimensional regularization is not
enough. Can introduce additional analytic
regulators or perform subtractions.

* Need to identity all regions of the integration
which lead to singularities.

* There are examples where additional regions
appear at higher loop order.




Correspondence with EFT

The soft momentum region directly corresponds to diagrams
in the low-energy eftfective theory.

* Inthisregion k¥ ~ m

* Loop diagrams scale as mme: non-analytic
dependence on low-energy scale!

The hard momentum region directly corresponds to matching
contributions which are absorbed into Wilson coetticients

e Inthis region k¥ ~ M

* Loop diagrams scale as M. non-analytic
dependence on high-energy scale!



Matching computations

This yields a very efficient way of performing
matching computations in dimensional regularization.

Expand integrands around hard limit

 All EFT loop diagrams vanish. EFT result is tree-
level multiplied by Wilson coefficient

* Full theory result is hard part of loop integrals

Wilson coefficients = hard parts of full-theory integrals.

Multi-loop matching computations are always done In
this way.



Summary: Method of regions

The expansion of the integral | in the ratio m/M

> k
1= [ i
'S obtained by expanding the integrand in two regions
|.) soft: k~m
I1.) hard: kK~ M

and then integrating both contributions over the full
phase space.



Momentum Regions in the Sudakov Problem



Application to the Sudakov problem

Let us now perform the expansion in a situation,
where particles have large energies, but small
invariant masses. Simplest example is the integral

k+1 k+p

k

L= —1*—i0, P? = —p* —i0, QQE—(l—p)z—iO

We consider the limit L? ~ P? <« Q?
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We consider the scalar integral /, but the same
momentum regions appear in tensor integrals.

To obtain the expansion introduce light-like reference
vectors in the directions of p and [

n, = (1,0,0,1) i, = (1,0,0, 1)
n‘=n*=0 n-n=2

Any vector can be decomposed as
nt nt

p“z(n-p)7+(ﬁ-p)7+p‘iEpi+p‘_‘+pi,



Introduce expansion parameter \* ~ P?/Q* ~ L?/Q?

The different components of p# scale differently. Since
p?=mn-pa-p+pl ~NQ’
and p" ~ 2@ n", we must have
(n-p,n-p,ps)
pr~ (N, 1, A)Q
M~ (1, 2, 0)Q



Regions in the Sudakov problem

The following momentum regions contribute to the
expansion of the integral

(n-k,n-k, ki)
e Hard (h) B~ (1,1 ,1)@Q
e Collinear to p (cl) B~ (AP, 1A )@
e Collinear to I (c2) B~ (1, A%, 0 )@
® Soft (s) B~ (A2, X%, %) Q

All other possible scalings (Az, Ab, Ac) lead to
scaleless integrals upon expanding. = Exercise



SOft region

Note that the soft region has

L?P?
QQ

Interestingly, loop diagrams involve a lower scale
than what is present on the external lines. Sometimes
scaling p? ~ A\*Q? is called ultra-soft.

mplies e.q. that jet-production processes can involve
non-perturbative physics, even when the masses of
the jets are perturbative.




Low energy regions

In contrast to expansion problems in Euclidean
space, we encounter several low-energy regions.
Each one is represented by a field in SCET.

Q QCD hard H
<

M SCET collinear J
<

M2/Q  SET soft S



Have expanded away small momentum
components

1
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IR divergences!

The hard region is given by the on-shell form factor
integral.

p" — (n , W —(n-l)—=I}



Collinear contribution

|
Ic _ —d/2, 4—d / ddk
e (k2 +10) (2k_ - 14 +10) [(k + p)2 + 40]

(1t I%(-9 (u)
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The other collinear contribution I, IS obtained from
exchangingl«< p .

Have expanded (k +1)° = 2k_ - 14 + O(\%)

Scales as (P?)¢



Soft contribution

. —d/2 A-d 1
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UV divergences!

Scales as (Asof2)® ~ (P2 L2/0?)®.

Expand (k+p)? =2ky -p_ +p* + O(N’)



GGrand total

1 2 2 7.‘_2
I:Ih—l—lcl—l—ICQ—I—ISZ@ (ln—ln——l———l—O()\))

Finite (and correct!)



Cancellations

IR divergences of the hard part are in one-to-one
correspondence to UV divergences of the low-energy regions

e True in general: IR divergences of on-shell amplitudes
are equal to UV divergences of soft+collinear
contributions

The cancellation of divergences involves a nontrivial interplay
of soft and collinear log’s
1 Iu2 1 . 2 1 . ,UQQQ 1 ,U2

2 - —
e P ¢ 1;2+ 2P~ ¢ Q2

* | eads to interesting constraints on IR structure of on-
shell amplitudes, see last part of the lecture



summary

Have identified relevant momentum regions and
scaling of fields and expanded QCD diagrams
around the relevant [imits.

* These are the degrees of freedom in SCET
* |Introduce fields with the corresponding scaling

The expanded QCD diagrams are still Feynman
diagrams

 Now construct effective Lagrangian whose
diagrams are the expanded QCD diagrams!



