
Cluster Models in the Study of Light Nuclei

Bo Zhou (周波) 

Fudan University

Benisiam Hall, Benikea Hotel, Jeju island

From 12C to condensate state
3𝛼𝛼+p clustering in 13N
𝛼𝛼+𝛼𝛼+𝑛𝑛 three-body reaction
Summary and Prospect

July. 08, 2025

Outline

Korea-China joint workshop for rare isotope physics



https://physics.aps.org/articles/v3/8

𝛼𝛼Core

Nuclear Cluster Physics

Ikeda diagram of light nuclei Clustering in heavy nuclei ?
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Cluster states of 12C

V.Somà,P.Navrátil, et al. PRC,101,014318 (2020)
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Phys. Rev. Lett. 110, 152502 (2013)

12C spectrum

Hoyle state & Bose-Einstein Condensate.
Rev. Mod. Phys. 89, 011002 (2017)

Two broad resonance states with large decay width 
Phys. Rev. C 84, 054308 (2011)

Long puzzle and it now has been confirmed for its existence.

[MeV]

Hoyle State

12C (𝟎𝟎𝟏𝟏+)

Recent No-Core-Shell-Model calculations well-developed clustering states



M. Chernykh, et al., PRL 98, 032501 (2007)

Shape/Structure of the 12C

E.Epelbaum,et al,,PRL 109,252501 (2012)

obtuse triangular configuration 

S.Shen, et al., Nat Commun 14, 2777 (2023)

nuclear lattice EFT

D J Marín-Lámbarri,et al., PRL 113, 012502 (2014)

Otsuka, et al., Nat Commun 13, 2234 (2022)

M.Kimura, Eur. Phys. J. A 60, 77 (2024)

L.Fortunato, Few-Body Syst 65, 1 (2024).



3𝛼𝛼 Bose-Einstein state

12C (02+) 

Hoyle state of 12C

THSR, PRL 87, 192501 (2001)



Nonlocalized cluster motion of 3𝜶𝜶 clusters in 12C  

We really obtained the single high-accuracy THSR-type wave 
functions for 3- and 4- states,

B. Zhou, et al., Phys. Rev. C 99, 051303(R) (2019).

Size parameters 𝛽𝛽 obtained by variational calculations. 



Two-body overlap function (Two-body RWA)

arXiv:2501.10664

https://arxiv.org/abs/2501.10664


Search for the Nα condensate state

3α condensate

2001 (THSR)

4α condensate

2008~ (OCM,THSR)

5α condensate

2019~ 

(Hoyle state) (06
+ state) ( ? )

study of alpha condensate in finite nuclei

𝑁𝑁𝛼𝛼 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

no-geometry shape
gas-like cluster state

excited states



T. Yamada and P. Schuck, Phys. Rev. C 69, 024309 (2004).

An experimental way of testing Bose-Einstein 
condensation of clusters in the atomic nucleus is 
reported. The enhancement of cluster emission and the 
multiplicity partition of possible emitted clusters could be 
direct signatures for the condensed states.

Some candidates for 𝛼𝛼 condensate were 
found from experiments for 12C and 16O.

PRL 96, 192502 (2006)

No experimental signatures 
for α condensation were observed

Phys. Rev. C 100, 034320 (2019)

Dilute multi-𝛼𝛼 cluster condensed states with spherical 
and axially deformed shapes are studied with the Gross-
Pitaevskii equation and Hill-Wheeler equation where the 
𝛼𝛼 cluster is treated as a structureless boson, 
it is predicted to exist in heavier self-conjugate 4𝑁𝑁 
nuclei up to 𝑁𝑁=10.

E(12C)~ 0.0 MeV
E(16O )~ 2 MeV
E(20Ne )~ 3 MeV

Rev. Mod. Phys. 89, 011002 (2017).

Multi-𝛼𝛼 condensation



12C(0+)+𝛼𝛼(S)

12C(2+)+𝛼𝛼(D)

12C(2+)+𝛼𝛼(S)

12C(1-)+𝛼𝛼(P)

4𝛼𝛼 cond.

Y. Funaki, PRC97,
021304(R) (2018) 

Alpha condensate in 16O



The decay scheme and connections

Exotic clustering structure ?

T. Yamada and P. Schuck, PRC 69, 024309 (2004).

B. Zhou, et al., Nat. Commun. 14, 8206 (2023).



KAWABATA Takahiro 

The 6𝜶𝜶 clustering structure probed by Inelastic Scattering 

PLB,848 (2024)

Remains challenging in 
theoretical calculations

by measuring the 
12C+12C scattering



Clustering structure of 3𝛼𝛼+𝑝𝑝 in 13N



Hoyle-analog state in 13N

arXiv:2501.18303



This obtained state corresponds to 
    the state observed at 11.3 MeV

Hoyle-analog state in 13N



Hoyle-analog state in 13N

Hoyle + 𝑝𝑝 13N state

arXiv:2501.18303



Gas-like states in 11C

Y.Y Cao, et al., Phys. Rev. C 111, 024309 (2025)



?
a tool for studying the cluster correlations



Nonresonant

Resonant

19
Pei Luanhong, et al., SCIENTIA SINICA Physica, Mechanica & Astronomica, 2024, ISSN 1674-7275

Nuclear astrophysics
• Bridging the gaps at A = 5 and A = 8
• Generation of elements with A > 8

12C(21+)𝛾𝛾(𝐸𝐸𝐸)4He
4He

4He

Triple-𝜶𝜶 process

Hoyle state
𝟏𝟏𝟐𝟐𝐂𝐂(𝟎𝟎𝟐𝟐+,𝟕𝟕.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔)

Triple 𝛼𝛼 process



Direct picture
𝑎𝑎 + 𝑏𝑏 + 𝑛𝑛 → 𝐴𝐴 + 𝛾𝛾

Characteristics:
1. General
2. Three-body non-resonant process

(Important at low temperatures)
3. Complicated calculation 

(Three-body scattering state)

• Transformed harmonic oscillator method
• Three-body Breit-Wigner 
• Imaginary-time method

Sequential picture (级联)
Intermediate state: 𝑿𝑿

𝑎𝑎 + 𝑏𝑏 → 𝑿𝑿
𝑿𝑿 + 𝑛𝑛(→ 𝐴𝐴∗) → 𝐴𝐴 + 𝛾𝛾

Characteristics:
1. Specific: assumed the reaction mechanism
2. Integrated with experiments: two-body 

cross-section, resonance

𝑁𝑁𝐴𝐴2 𝑎𝑎𝑏𝑏𝑛𝑛 ~𝑁𝑁𝐴𝐴2
ℏ

𝛤𝛤𝛼𝛼(𝑿𝑿)
𝑎𝑎𝑏𝑏 𝑿𝑿𝑛𝑛

• NACRE
20

4He

𝑛𝑛

4He
9Be(3/21−)𝛾𝛾(𝐸𝐸𝐸)

Sequential picture and Direct picture



Introduce inverse temperature
𝛽𝛽 = 1/(𝑘𝑘𝐵𝐵𝑇𝑇)

Reaction rate (from direct picture)

~�
𝑖𝑖

𝑛𝑛−𝛽𝛽𝐸𝐸𝑖𝑖(
𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑓𝑓
ℏ𝑛𝑛 )2𝜆𝜆+1 �𝛷𝛷𝑓𝑓 �𝑀𝑀𝜆𝜆𝜆𝜆 | ⟩𝛷𝛷𝑖𝑖 ⟨ |𝛷𝛷𝑖𝑖 �𝑀𝑀𝜆𝜆𝜆𝜆

+ �𝛷𝛷𝑓𝑓

Purpose: remove initial state (Scattering state)

The spectral representation of 𝐻𝐻

Take 𝑓𝑓(𝑥𝑥) as the following form

𝑓𝑓(𝑥𝑥) = 𝑛𝑛−𝛽𝛽𝛽𝛽(
𝑥𝑥 − 𝐸𝐸𝑓𝑓
ℏ𝑛𝑛

)2𝜆𝜆+1

Therefore

�
𝑖𝑖

𝑛𝑛−𝛽𝛽𝐸𝐸𝑖𝑖 (
𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑓𝑓
ℏ𝑛𝑛

)2𝜆𝜆+1| ⟩𝛷𝛷𝑖𝑖 �𝛷𝛷𝑖𝑖|

= 𝑓𝑓( �𝐻𝐻)(𝟏𝟏 − �
𝑛𝑛∈bound

| ⟩𝛷𝛷𝑛𝑛 �𝛷𝛷𝑛𝑛|)

Introduce projection operator

�𝑃𝑃 = 𝟏𝟏 − �
𝑛𝑛∈𝑏𝑏𝑏𝑏𝑏𝑏𝑛𝑛𝑏𝑏

⟩|𝛷𝛷𝑛𝑛 ⟨𝛷𝛷𝑛𝑛|

Imaginary-time reaction rate

21

Scattering state

Scattering state + Bound state Bound state 
T. Akahori, et al, Phys. Rev. C 92, 022801(R) (2015)
K. Yabana et al., Phys. Rev. C 85, 055803 (2012)

Imaginary-time method



Spectrum of 9Be (OCM)

E1 transition: 𝝀𝝀 = 𝟏𝟏

22

J. Casal, et al., Phys. Rev. C 90, 044304 (2014)

𝛼𝛼𝛼𝛼𝑛𝑛 process

T. Yamada and Y. Funaki, Phys. Rev. C 92, 034326 (2015)

𝜶𝜶 + 𝜶𝜶 + 𝒏𝒏 → 𝟗𝟗𝐁𝐁𝟔𝟔(𝟑𝟑/𝟐𝟐𝟏𝟏−) + 𝜸𝜸

T-type Jacobi

The contributions from the different states to the reaction rate



23

𝛼𝛼𝛼𝛼𝑛𝑛 process

Convergence
Reaction rates under different truncations

Reaction rates compared with other methods

THO (Transformed harmonic oscillator) 
J. Casal, et al., Phys. Rev. C 90, 044304 (2014)

NACRE; C. Angulo, et.al, Nucl. Phys. A 656, 3 (1999)

Imaginary-time method 

K. Sumiyoshi, et.al, 
Nucl. Phys. A 709, 467 (2002)

Three-body Breit-Wigner estimation
E. Garrido, el al., Eur. Phys. J. A 47, 102 (2011)

𝛽𝛽 = 1/(𝑘𝑘𝐵𝐵𝑇𝑇)

𝜶𝜶 + 𝜶𝜶 + 𝒏𝒏 → 𝟗𝟗𝐁𝐁𝟔𝟔(𝟑𝟑/𝟐𝟐𝟏𝟏−) + 𝜸𝜸

to be submitted

preliminary



0

20

5

150

5α threshold

16O+α threshold

Rich clustering structure
(5 MeV< 𝑬𝑬 <20 MeV)

Unknown regions 
       (20 MeV<𝑬𝑬<150 MeV)

Nucleon threshold

5𝜶𝜶 BEC state

20Ne liquid-like state 

nucleon gas-like state 

16O+𝜶𝜶 cluster

Excitation
(MeV)

Evolution of structure of 20Ne explore novel clustering structure of light nuclei

Summary and Prospect

rich clustering structure 



Thanks for my collaborators 
                      
                               and your attentions.
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