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Part 1. Scheme Dependence

Why MS is Unsuitable




Exclusive jet cross-sections

Gaps between jets

- We are interested in cross sections of the form

o (Co) = ;@ Z H/ [dp;] ‘Mm({l_’})|2 0 (Q — Etot) §ld=1) (Ptot) © (o — 2Eout)

« The energy veto e (Q, - 2E.) introduces non-global logarithms aslog (Q)

m=M i1=1

Qo

. What does “out” mean?

 Fixed cone cross section: “out” depends only on the hard scale dynamics,

—Correlated soft emissions do not exponentiate! NGLs!

- Sequenti

al clustering: “out” also depends on the soft scale dynamics.

= All so

't emissions do not exponentiate! Clustering Logs!




- The all-order definition of the soft funcUo red

“actorization and ﬁhe SOCY H uncUcm

. The factorization formula reads | o (Q, Qo) = Z <%m({n}7l HQ, ) ({n} { } Qo; )>

Snm({n},{z}, Qo) :$<O|SJ{ (n1)...8" (nm) | X ){(X|S1 (n1) ... Sm (nm)]0)0 (Qo — 2Eout)

Directions of
hard partons

"

-nergy

fractions of

nard partons

. At one loop for fixed cones, we find
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. ni; This vector allows us to
Wz’j — | keep track of Lorentz covariance. In th

Mg Ttiq labe frame it reads v = (1, 0,0,0)7




One-Loop Soft Function: scheme Dependence

In a general scheme, the renormalized soft function is given by

SRS _ fi |5 _ 1
e—0 i 2€

For simplicity, we assume that @, . can be written as

n,,n, -n;). Thisis certainly true in 4 dimensions.

Hout(nqw nqi’ qj° "q

In the dipole rest framehere, i reads

q
ng = nq(0, ¢, x) = (1,cos b, sin 0 cos ¢, sin @ cos ¢ cos x, sin 0 sin x 74—4)
i, ] v

and the anomalous dimension acts on the trivial (O-loop) soft function as
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One-Loop Soft Function: scheme Dependence

. 9 ace
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The renormalized soft function becomes
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in the dipole rest frame.



One-.

As.._i/'"de/m 4 /gd |
z’7—4:7'(' 0 0 sin2c9 0 X

2
=+ ;Hout (nq (97 ¢7 O))

I )

00D D01

4

1

sin Y

aln( .
] si

n

0

) — bln(4 sin? gb)

Function: Scheme Options

(ecf){ust (nq (97 ¢? X)) o 901113 (nq (97 ¢a X)))

Scheme d b Q&St(ea b, )
MS 1 1 Oput(0 ¢,0)
BS 1 1 Oour( 0, &, 1)
LS 1 0 Oou 0, &, 1)
XS 0 0 Oou(0, D, 1)

MS-scheme requires the introduction of extra angles in the shower!




‘Nne Maximal Subtraction Scheme

In the maximal subtractions XS scheme, the renormalized soft function is only a logarithm
(for energy vetos)

s§,{>XS:4ln( ) » T, - T; /d2 Oout (1)
out
()

So why not just use the XS scheme?

The angular integral of the XS scheme anomalous dimension reads:

G e\ ¢ [ d¥2Q, )
53§S — /[dﬂq] qu' eout(nq) — (—> /2(27r)d 3 (”vq)2 W’fj 6’out(nq)

T

An explicit reference vector v is needed for Lorentz
covariance (LC). LC is not “manifest”.



The XS-Scheme Anomalous Dimension

Two-Loop (2112.02108) (for Lepton Colliders)

T® = Kijpgr (T30 ™" — 2158 + Tije ) + hic.

A pAapiap F  pFoepaB S pSabiap
— 2K Dy — 2np K Dy = 2ms K Dy

+2(CaKijgr + nFTFKj g + nSTSKg';qr)D?j;&

+ Kijig (QD%;Q —Dij - Dz’j)

+ imlijkig (1}?3? — ) — inlij (D

The three-particle term contains an explicit v-dependence:

- Nika Ny
Kijkiqr = 8 (ng Jrk - Wz%cWJTq - Wg’ Jrk u Wz%qu) ln( : r)

Nkr Nyq
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Scheme Change To Lorentz Scheme

he one-loop anomalous dimension in the Lorentz scheme (LLS) reads

Modified dipole
(Cancels explicit v

R,, Z i,L L5, RV i; ij g (14) ¢ -dependence in [d€2 ])

(i)
V,, =2 Z (Tir - T50+T;r-T;R) / [dﬂq]qu' (2W5"12;q)_
(i)
1 cus
—iny 5 [Tip- Tz — Tir- Tr] (I — eln(ni;)) 15"
(i7)

Modified phase (non-vanishing
even in lepton collider processes)
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Scheme Change To Lorentz scheme

For lepton colliders, this leads to the two-loop anomalous dimension
2 o ( Tijk)

— ZK"?;QTDS,CX&&’B — 2np Dg,aﬁ;&ﬁ

+ 2(CAK£;QT ar ”FTFKg;qr

+ Kijiq (2quj;a - Dj; -

h.c.
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t7,9T
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)
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—2n5

The 3-particle term now reads

S,aB;ap

The explicit v-dependence
| The LS-scheme

ension Is

4 . N i T2 e e e :
?"k - Uzy; In rivITitkq | UZUZY ln(nzkn]rnkq) NiqMjk ln(nyknqr)
igkigr = — .92 | o | -
NigMjr \ Ngr NigTjqT, NkqTkr NigThjkTier NkqTiqr NjqMkr has vanishec
NikNjq ln(niknjrnkqnqr) : NNk | [ MigMjkMkrTigr I Tl ln(niknqr> anomalous dim
TkqTlgr MigMjgNi Mkr Tigr MirMjr g NkeMgr  \MirMkq) ] manifestly Lore
kr kq

Ntz covariant!



Marzili XS vs. LS Scheme

ONLL
Og OLL
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» Plots show NLL correction, normalized to a; oy as in PanScales '23. Limit N — 0o0.

. Individual parts strongly differ between schemes!
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Marzili XS vs. LS Scheme
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- |Individual terms strongly
differ...

. ... but the sum is scheme
independent and agrees!

. Strong check on
implementation and numerics!
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Part 2: Including Clustering
Effects



Why We Need Energy Fractions: LI

The soft function for non-global logs in jet clustering cross sections reads

Sn({n},{z}, Qo) =i<0|81 (ny1) .. .S;rn (nm)|X><X|81 (n1)...8m (nm)|0>9 (Qo — 2Eout)
X

E . depends on the energy fractions of the hard partons! They are needed to determine the

clustering sequence.

At LL, generated emissions in the RG evolution are strongly ordered in energy. This manifests
iNn the one-loop anomalous dimension as

~ / \ -
RCl — -an 0(z)dz
m 'L_VJ‘A l"'l.,.‘. - jullll “ A f‘éa‘s-"
‘rd V.
m ™m

't becomes harder to determine wheter an emission is vetoed or not. Everything else works
as in the fixed cone cross sections.
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_Axample Of LL Clustermg Ef

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

(a) Anti-kt. (b) C/ A. (C) kt.

What we found in 2309.17355:
1. Jet clustering logarithms generally depend on the clustering algorithm choice already at 2 loops.

2. The primary hard jets grow in C/A and k,-algorithms but stay the same in Anti-k,.

3. Even with Anti-k, , it is possible to get clustering logarithms if the veto region is a non-trivial
function of the secondary jets!




Why We Need Energy Fractions: NLL

At NLL, two emissions with momenta, g and r can be generated at the same energy scale!

The energy dependence of the double emission anomalous dimension can be parametrized using

3rd softest emission

cl . . o
dm s clrealy proportional to 6(z) . But the € -dependence can be highly non-triviall
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Why We Need En ergy Fractions: NL'

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

Two configurations with the same particle directions can be vetoed or not
depending on the value of &
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T'he Clustering Two-Loop Anomalous Dimension

The double-virtual and real-virtual anomalous dimensions can be recycled from the

fixed cone result: ol
ro = 1r,d(z)dz

cl

Um

:’Um

The double-emission anomalous dimension reads

d® = §(2)dz |dKjki.qr (Tz?LTfL) (TlgRTg,l)

+ +

+ dKjk:qr (z'faﬁc ( i?L@fL)+ T¢ p — if*P° (TE,L ( ftRTj/fR) +>> Note that there is a

four-particle term!

— 2 (dKz{? .qr T 1S ng? ;qr) E(fLTJiin aﬂcf Wd—2np ng;qrE?Lﬂ%th’aﬁtd’ﬂ&




['ne Clustering Two-Loop Anomalous Dimension
The emission kernels depend on &€ . In XS-scheme they can be written in terms of
eikonal currents:
o JE(ny) = E,J (@), JM (ng,n,,€) = E,E.J" (q,r
dKjkl;qr = 8 B Jiwdf T I} e} = Fali ) s )= (@)
(&) + . |
dg Again, N0 Manifest
dKijk;qr = (&) “Jiudj | orentz covariance!
A 1 98 (5w n L s 5 The blue pieces
dK;;. .= J: " J; J Jiyy — =J* J.
17;qT (gg) JHV 7 (27204 o, JsHV . |
—0 integrate to zero!
d¢ 1 1 1 They constitute an
dKE, — 8% (—9- T + G + ) (J{‘J’-’— Ly _ -JHJ’/)
o & (ng-ny)? " 7" g g T2 27 effect unique to
e.g. clustering
_ Mk, logarithms!

dKz’jk;qr — %dﬁ (5(‘5) +

5(&)) K’zﬂjk:;qr — 4d€(5(€)

Ny

4d -
" 5(5 (Eng + Enier)

) (2Wiw,

—SE)WEWT, ln(

q
- W2

NkrNyg

~ WIWE) —

)

((3,q,€) «

(4,7,€))
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Summary

. Subtleties appear for non-global logarithms in the MS-scheme.

. The XS scheme is intuitive; however, it is not manifestly Lorentz covariant.

- We analyzed scheme changes in general.

. The LS-scheme is manifestly Lorentz covariant.

. Clustering logarithms requires explicit energy fraction dependence.

- We provide, for the first time, the anomalous dimensions for clustering logarithms at two
loops and in full colour.
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Thank You
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One-Loop Soft function

S A dd
Z_ﬂsﬁ)({ﬂ},Qo) = —93(%; T, . -T;r il d/ (zw)g—l W%‘S(QQ)@(QO)H(Eout—’t)'q)@out(nq)‘
- Performing the energy integral, we find

92 2€
S ({n}, Bouw) = = (Efu) Y Ti-T; S

€

YE \ € dd—2Q
Where Sz'j = /[dﬂq] WZ @out(nq) : Clﬂd /[dﬂq] = (e—) /2(27r)d_(13 (nvq)2e

'he angular integral can be expanded in €: 85 = S,,;[?] eSZ-[Jl.]

0 expand the angular integral, we need to know which angles 6, can depend on.

Here we assume Oy = 0, (v - 1, n; - np,n; - n

o M- Mgy - ng), where iy is any direction

linearly independent from n; and n;



| )

One-Loop Soft function
Sij = / [qu] Wz%’ @out(nq) a Hout = Out(v Mgy Myt Mgy 1Yt Mg, 1) nq)

This integral is conveniently studied in the dipole rest frame. We can then parametrize

ng = ng(0, ¢, x) = (1,cos0,sin 6 cos ¢, sin 6 cos ¢ cos x, sin 0 sin x 7g—4)

The omgu\or phqse space can then be equnded as Requires +-prescription

| c€VE() |
[an,) - s [ o inoy- [ as(singy /0 i (sn2) ™ ()

FYIRSNG ARy S T s

The integration domain y € |x/2,r] is captured by
extending the ¢ integration to negative values

1 1 27
We now find that S = —/ d0089/ dp———0out (7g)
1 0 sin 0

*J 47

Where ng = ng(6, ¢,0) = (1, cos 6, sin 6 cos ¢, sin 6 cos ¢, 64_4)
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One-Loop Soft funcUQn: nite Plece

2T
_ / dcos@/ dop— 0ot (ﬁq) g = nqg(0,$,0) = (1, cos @, sin 6 cos ¢, sin 6 cos ¢, Od_4)
A7 ) _4 0 sin 0

'l_I

We now find that S =

52-[?] defines the MS counter term! The MS-renormalized soft function
would then read

SMS =N . T, 4ln(Q ) S, +S(1)
(i) ) :

where L o r .
y_ 1 L

+ %OOut (7g) |21In(nyg) — In (Sin2 9) —In (Sin2 ¢) }

Thus, the MS-renormalized soft function is very complicated! It depends on the extra angle y
and sees the full 4 — 2e dimensional veto region!

The MS-scheme requires sampling hard and soft functions with extra angles! The extra angles

: | . . . 26
only drop out after cancellations with the two-loop anomalous dimension.




Anticipating oome Questions

= n4(0,¢,0) = (1, cos 0, sin 0 cos ¢, sin 0 cos ¢, 64_4)

SMS =N . T, 4ln(Q ) S+ S“)
(i) ’ :

1 2T s
1 2 / 2 1 .
S5 =1 / d cos /O 15 |. dx{—sinx [eout (7ig) — Bout (nq)]

+ %Oom (71q) |21n(nvg) — In(sin* @) — In(sin® §)

}

. Q: Can't I rescue MS by simply defining the d-dimensional veto region as Oout(1,) = 0,71,

A: No! ﬁq depends on the radiating dipole!

. Q: Isn't even the bare soft function not well defined, because | can define the d-dimensional veto region however |

want?

A: In a sense, yes. The physical result should not depend on how we extend the veto region to d-dimensions. Thus,

schemes where 0,

. Q: Why is this issue with MS only present for non-glo
A: Assume we veto on E_f(0, ¢, ) instead. This wou

(nq) drops out completely are favourable.

pal observab

d produce @

es”

factor £2€(0, ¢, y)=> ¥ enters one order in € later!
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"he XS-Scheme Anomalous Dimension

The anomalous dimension for non-global logarithms has a matrix structure:

(‘/2 Rz 0O O \ /’02 T dz 0 \
0 VESRB 0 .- 0 V3 T3 dz
rW=| 0 0 ViRy--- | r@—| 0 0 vgrg---
ooovz.-,.-. 00 0 vs ---
\ 2y, W3 f 8 8 e
One-Loop __42 S W Gy (ng)

(%)

Vo 23 (Tt T + T Ti) [0S W
(2)

. ]- Ccus
—im) 5 Tir Tz — Tir - Tir] g™
(45)
Introducing the short hand notation

o __ oo & o En)
Dz’j —Tz',LTj,R—Djz' ; Dy—TzL T; L, DJ—TzR T; R

We can write this as

~ 1 |
1) _ q oo
rt = —aw (Dz-j — 5Dy — 5Dij)



| ATRS(2) _ PRS(2) _ (@) _

scheme Change

To change from the XS-scheme to any other scheme RS, one calculates

1

RS(l):_ e RS(1) (1)
here aT50 < gy L (250 10)

™m
ORyy =—4 ) T TR 0W 0in(ny)
3,7=1

5anjs —9 Z (Tip - T; +Tir-T;R) /[dﬂq] 5Wz’§'
i,j=1

™m
| 1
- g_:l 5 [Tir - Tjr — Tir - Tjr] 61y
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Exp.

AI\RS(2)

icit Scheme Change

“ormula

=K jhsqr (TR — 2T + Tigp + hec.) +0K 7, (T 4+ T )

ijk ijk

A,aB;a0 a;Q ;0
_ osKA (Dij fi6f _ 04D ) — 2B0W (2Dij — (D

i7;qT

+imdlijasg (TS — Tl ) + imol (T

— 7:7T(CA5L;J';Q + 2,8051_123) (Dz] — DZ])

T;x)

Extra terms for
hadron colliders!

S

4))
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lor Structures
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