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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ We find a twofold pattern of logarithmic
enhancements in dijet production

e+ e− → γ∗ → 2 jets

when (hard) radiation is restricted to be within
the jets, since only (soft) radiation below Q0 is
allowed outside of the jets.

σ ∼ 1 +
αs

π
CF

(
3 log δ − 4 log δ log

Q

Q0
+ const.

)
[Sterman and Weinberg, 1977]
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ We find both soft and collinear
logarithmic enhancements

hello

We assume for the rest of this talk

log δ ∼ 1

log
(

Q
Q0

)
≫ 1
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

hello

◦ Example:

Q0 ∼ 5 GeV

Q ∼ 1 TeV

then the product; αs ∼ 0.1 and L = log Q
Q0

αs L ∼ O(1)(
αs L

)2 ∼ O(1)(
αs L

)n ∼ O(1)

spoils the perturbative expansion!!!

σLO +
(
αs L

)
σNLO +

(
αs L

)2
σNNLO + · · ·
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ Fixed order perturbation theory breaks down
due to logarithmically enhanced corrections

αn
s Lm with L = log

(
Q

Q0

)
Identify

1 (αsL)
n Leading Logarithms (LL)

2 αs (αsL)
n Next-to-Leading Logarithms

⇒ (Re)assign LL, NLL, ... −→ LO, NLO,...
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ Fixed order perturbation theory breaks down
due to logarithmically enhanced corrections

αn
s Lm with L = log

(
Q

Q0

)
n.

n.

To obtain reliable predictions across

disparate scales, it is neccessary to

capture the entire tower of logarithms

⇒ Resummation
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Higher-order effects: Non-Global Logarithms

e− e+

Gap

∆Y

Jet cross sections involve angular cuts which const-
rain radiation within a corner of the phase space.
As a consequence, logarithmically enhanced higher-
order corrections known as

Non-Global Logarithms (NGLs)

arise.

[Dasgupta and Salam, hep-ph/0104277]
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Higher-order effects: Non-Global Logarithms

e− e+

The leading NGLs start at two loops

σ ∼ 1 +
αs

π
CF

(
3 log δ − 4 log δ log

Q

Q0
+ const.

)

+
(αs

π

)2
[
C2

F BF (Q,Q0, δ)

+ CF TF nF BnF (Q,Q0, δ) + CF CA BA(Q,Q0, δ)

]

[Dasgupta and Salam, hep-ph/0203009]

[
− ζ2 + Li2

(
e−2∆Y

) ]
log2 Q

Q0
+ · · ·
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Outline: running across the most effective bridge

.

EFT Methods

Parton Shower

Generating Functionals
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Factorisation & resummation by RG evolution

◦ Cross section for jet production in e+e− collisions with veto on radiation factorises into hard Hm and soft Sm

functions [Becher et. al., 1508.06645]

σ(Q,Q0) =
∞∑

m=m0

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉

Q

Q0

α

δ = tan α
2
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Factorisation & resummation by RG evolution

◦ Cross section for jet production in e+e− collisions with veto on radiation factorises into hard Hm and soft Sm

functions [Becher et. al., 1508.06645]

σ(Q,Q0) =
∞∑

m=m0

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
d

d log µ
Hm(Q,µ) = −

m∑
l=2

Hl(Q,µ) Γlm(Q,µ)

The RG evolution is governed by the anomalous dimension which has been extracted up to two-loops

Γ =
αs

4π
Γ(1) +

(αs

4π

)2
Γ(2) + · · · ⇒ See Juerg Haag’s talk!

nothing

? How to solve complicated RGEs ?

⇒ Monte Carlo Methods



Nicolas Schalch, 03.03.26 – p.11/26

Parton Shower at LL accuracy [Balsiger et. al., 1803.07045]

◦ In practice coupled RGEs for hard functions Hm, however these simplify at LL due to the form of Γ(1)

Γ(1) =



V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .



d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1

Hm(t) = Hm(t0)e
(t−t0)Vm +

∫ t

t0

dt′ Hm−1(t
′)Rm−1e

(t−t′)Vm

Iterative solution

Hk(t) = Hk(0) e
tVk ,

Hk+1(t) =

∫ t

0
dt′ Hk(t

′)Rk e(t−t′)Vk+1 ,

Hk+2(t) =

∫ t

0
dt′ Hk+1(t

′)Rk+1 e
(t−t′)Vk+2 ,

Hk+3(t) = . . .
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Parton Shower at LL accuracy [Balsiger et. al., 1803.07045]

◦ In practice coupled RGEs for hard functions Hm, however these simplify at LL due to the form of Γ(1)

d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1

Hm(t) = Hm(t0)e
(t−t0)Vm +

∫ t

t0

dt′ Hm−1(t
′)Rm−1e

(t−t′)Vm

Iterative solution

Hk(t) = Hk(0) e
tVk ,

Hk+1(t) =

∫ t

0
dt′ Hk(t

′)Rk e(t−t′)Vk+1 ,

Hk+2(t) =

∫ t

0
dt′ Hk+1(t

′)Rk+1 e
(t−t′)Vk+2 ,

Hk+3(t) = . . .

RG Evolution

Parton Shower
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Parton Shower at LL accuracy [Balsiger et. al., 1803.07045]

Algorithm

1 Generate shower time t “ordering variable”
and pick an emitting dipole

2 Generate directions (θ, ϕ) and construct
new emission nk

3 Repeat.
Until an emission enters the gap.

.
Soft Radiation

hello
-

-

/
s
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Parton Shower at LL accuracy [PanScales, 2002.11114]

Parton showers are constructed using a Markovian
algorithm, which probabilistically transforms an
n-parton state into an n+ 1-parton state.

dPn→n+1

d ln v
=

∑
dipoles {ĩ,j̃}

∫
dη̄

dϕ

2π

αs(kt)

π

×
[
g(η̄)akPĩ→ik(ak) + g(−η̄)bkPj̃→jk(bk)

]
.

.
Soft + Collinear Radiation

hello

mV,

m v
, I

In Vy-

mVy-

In Vg-

In Umax-

v
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Parton Shower at LL accuracy [PanScales, 2002.11114]

Algorithm

1 Generate candidate ln v and pick
emitting dipole

2 Generate directions (θ, ϕ) and construct
new emission pk

3 Redistribute recoil !

4 Accept/veto emission

5 Repeat.
Until we reach the shower cutoff.

. More versatile framework

⇒ Captures soft radiation

hello

mV,

m v
, I

In Vy-

mVy-

In Vg-

In Umax-

v
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Validation: LL resummation interjet energy flow

Gap fraction: fraction of events with
transverse energy ET in gap below Q0

R(Q0) ≡
1

σtot

∫ ET,max

0
dET

dσ

dET

nothing

ET

α

.

0.2

0.4

0.6

0.8

1.0

σ
L

L

e+e− → γ∗/Z → Xhad

∆Y = 2 nF = 5

CA = 2CF = 3

Pre
lim

in
ar

y

Marzili

Gnole

PanScales PGβ=0

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−0.1

0.0

0.1

R
at

io
[h

]
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Validation: LL resummation interjet energy flow

Technical challenges in PanScales (and Gnole)

• Extract precise logarithmic correction via
extrapolation of αs → 0

αs · ln ET,max

MZ
= λ ⇔ ET,max

MZ
= eλ·α

−1
s

[1] ✓ 0.0s Python

1
2
3
4
5
6

import numpy as np

lam_val = -0.5
as_val = 10**(-5)

np.exp(lam_val * as_val**(-1))

... np.float64(0.0)

.

0.2

0.4

0.6

0.8

1.0

σ
L

L

e+e− → γ∗/Z → Xhad

∆Y = 2 nF = 5

CA = 2CF = 3

Pre
lim

in
ar

y

Marzili

Gnole

PanScales PGβ=0

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−0.1

0.0

0.1

R
at

io
[h

]



Nicolas Schalch, 03.03.26 – p.17/26

Validation: LL resummation interjet energy flow

Technical challenges in PanScales (and Gnole)

• Extract precise logarithmic correction via
extrapolation of αs → 0

αs · ln ET,max

MZ
= λ ⇔ ET,max

MZ
= eλ·α

−1
s

[1] ✓ 0.0s Python

1
2
3
4
5
6

import numpy as np

lam_val = -0.5
as_val = 10**(-5)

np.exp(lam_val * as_val**(-1))

... np.float64(0.0) underflow rounding error

.

0.2

0.4

0.6

0.8

1.0

σ
L

L

e+e− → γ∗/Z → Xhad

∆Y = 2 nF = 5

CA = 2CF = 3

Pre
lim

in
ar

y

Marzili

Gnole

PanScales PGβ=0

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−0.1

0.0

0.1

R
at

io
[h

]
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Validation: LL resummation interjet energy flow

Technical challenges in PanScales (and Gnole)

• Extract precise logarithmic correction via
extrapolation of αs → 0

αs · ln ET,max

MZ
= λ ⇔ ET,max

MZ
= eλ·α

−1
s

• Populate phase-space deep in the Lund plane

.

0.2

0.4

0.6

0.8

1.0

σ
L

L

e+e− → γ∗/Z → Xhad

∆Y = 2 nF = 5

CA = 2CF = 3

Pre
lim

in
ar

y

Marzili

Gnole

PanScales PGβ=0

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−0.1

0.0

0.1

R
at

io
[h

]
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Non-global (resummation) frontier

.

[Forshaw et. al. ; CVOLVER]

[Nagy et. al. ; DEDUCTOR]

[PanScales ; NODS]

[Hatta et. al.]

Subleading Colour

.

[Banfi et. al. ; Gnole]

[Becher et. al.]

[PanScales]

[Bell et. al.; Soft-Serve]

[S. Caron-Huot]

Higher Log-accuracy

.

[Forshaw et. al.]

[Becher et. al.]

[Dasgupta et. al.]

Super-Leading Logs
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Non-global (resummation) frontier

.

[Forshaw et. al. ; CVOLVER]

[Nagy et. al. ; DEDUCTOR]

[PanScales ; NODS]

[Hatta et. al.]

Subleading Colour

.

[Banfi et. al. ; Gnole]

[Becher et. al.]

[PanScales]

[Bell et. al.; Soft-Serve]

[S. Caron-Huot]

Higher Log-accuracy

Rest of this talk

.

[Forshaw et. al.]

[Becher et. al.]

[Dasgupta et. al.]

Super-Leading Logs
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Extend

• LL’ [1803.07045]

• LL’ [1901.09038]

to NLL; using

• Γ(2) [2112.02108]

.

T
MAREIL1 (Monte-Arlo for the Renormalization

group Improved calculation of

non-global Logarithms)



Nicolas Schalch, 03.03.26 – p.22/26

Marzili/Gnole: NLL [Becher et. al., 2307.02283 + upcoming; Banfi et. al., 2111.02413]

Include corrections due to Γ(2) in the evolution

Hk(t0)

∫ t

t0

dt′ Ukl(t
′ − t0) ·

α(t′)

4π

(
Γ
(2)
ll′ −

β1

β0
Γ
(1)
ll′

)
· Ul′m(t− t′)

nothing

.

LL evolution Insertion of Γ(2) LL evolution

--
·

.

-
=

-
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PanScales: NLL [PanScales, 2307.11142]

Splitting probability contains a virtual piece

dPn→n+1

d ln v
=

∑
{ĩ,j̃}

∫
dη̄

dϕ

2π

αs(kt)

π

1 +
αs(kt) Kcmw

2π


×

[
g(η̄)akPĩ→ik(ak) + g(−η̄)bkPj̃→jk(bk)

]
Additional acceptance for soft partners

Paccept =
|Mds|2∑

h |Mshower,h|2

hello

mV,

m v
, m I

In Vy- m

mVy- i

mus-ma

humaxt
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Comparison at NLL
.

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5
σ

N
L

L

α
s
σ

L
L

e+e− → γ∗/Z → Xhad

∆Y = 2 nrealF = 0

CA = 2CF = 3

Pre
lim

in
ar

y

MarziliLS

Gnole

PanScales PGsdf
β=0

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−1

0

1

R
at

io
[%

]

Agreement between frameworks

• Marzili [2307.02283 + upcoming]

• Gnole [2111.02413]

• PanScales [2307.11142]
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Detailed comparison with Gnole at NLL[upcoming]

Divide the NLL contribution in different pieces

σNLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

σ
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Detailed comparison with Gnole at NLL[upcoming]

Divide the NLL contribution in different pieces

σNLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

σGnole
NLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

✓ ✓ ✗ ✗ ✗Scheme − dep.
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Detailed comparison with Gnole at NLL[upcoming]

Add a piece proportional to ϵ to the anomalous dimension

Γ̃(1) = Γ(1) + ϵ∆Γ(1) See Juerg Haag′s talk!

LS − Scheme [Caron-Huot, 1501.03754]

[Catani, Marchesini, Webber, 1991]

! Affects NLL contributions through renormalisation
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Detailed comparison with Gnole at NLL[upcoming]

Divide the NLL contribution into different pieces

σNLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

σGnole
NLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

✓ ✓ ✓ ✓ ✓LS − Scheme
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Detailed comparison with Gnole at NLL[upcoming]

−2

0

2

4

σ
N

L
L

α
s
σ

L
L

σhard − contribution

∆Y = 2 nF = 5

CA = 2CF = 3

MarziliLS

Gnole

σsoft − contribution

∆Y = 2 nF = 5

CA = 2CF = 3

MarziliLS

Gnole

∆σrun. − contribution

∆Y = 2 nF = 5

CA = 2CF = 3

MarziliLS

Gnole

σΓ(2) − contribution

∆Y = 2 nF = 5

CA = 2CF = 3

MarziliLS

Gnole

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

0.98

1.00

1.02

R
at

io
to

M
a
r
z
il

i

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
ET,max
MZ

Prel
im

inary

Prel
im

inary
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Conclusions: good agreement between frameworks

.

EFT Methods
Marzili

Parton Shower

P
G β=

0

Generating Functionals

G
nole


