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Apologies:  all used 
for angular distance

x, z, θ, R



Why higher-point correlators matter



High precision energy-energy correlator

• Opportunity: charged particle tracks offer amazing angular resolution.
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Figure 4: Graphical representation of the double energy correlation: particles produced out of the
vacuum by the source are captured by the two detectors located at spatial infinity in the directions of
the unit vectors n⃗ and n⃗′.

back-to-back. For 0 < θ < π, the double-energy correlation receives a non-zero contribution
starting from one loop. It comes from the three-particle transitions MO

20′
→ssg and MO

20′
→sλλ,

⟨E(n⃗)E(n⃗′)⟩ = σ−1
tot

∫
dPS3

3∑

i,j=1

k0
i k

0
j δ

(2)(Ωk⃗i
− Ωn⃗)δ

(2)(Ωk⃗j
− Ωn⃗′)

×
(
|MO

20′
→s(k1)s(k2)g(k3)|2 + |MO

20′
→s(k1)λ(k2)λ(k3)|2

)
. (3.15)

Using the explicit expressions for the matrix elements (3.2) we find (see Appendix C for details)

⟨E(n⃗)E(n⃗′)⟩ = g2

2(2π)4
q20

sin2 θ

∫ 1

0

dτ1
1− τ1(1− cos θ)/2

+O(g4)

=
g2

(2π)4
q20

1 + cos θ

sin4 θ
ln

2

1 + cos θ
+O(g4) , (3.16)

where the logarithmic correction arises from the integration over the energy fraction of one of
the particles, τ1 = 2k0

1/q
0. For θ → 0, the expression in the right-hand side of (3.16) scales as

O(θ−2), whereas for w = π − θ → 0 it has the well-known Sudakov behavior O(w−2 ln(w−2)).
Both asymptotics are modified at higher loops in a controllable way [25].

It is convenient to rewrite (3.16) by introducing the scaling variable

z = (1− cos θ)/2 , (3.17)

where 0 < θ < π is the angle between the detector vectors n⃗ and n⃗′. Then, the double-energy
correlation takes the following form at one loop

⟨E(n⃗)E(n⃗′)⟩ = a

4π2

q20
8z3

(
−z ln(1− z)

1− z

)
+O(a2) , (3.18)

with z varying in the range 0 < z < 1 and a = g2/(4π2), as defined earlier. It is instructive to
compare (3.18) with the analogous expression in QCD. In that case, the final state is created by

17

<latexit sha1_base64="mIOqyeW4oLunBro5AgF+xkQ+c2I=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEuhkyrW3triiCywr2AW0pmTRtQzOZIckUylDwV9y4UMSt3+HOvzHTVlDRA4HDOfdyT44XcqY0Qh9WamV1bX0jvZnZ2t7Z3bP3DxoqiCShdRLwQLY8rChngtY105y2Qkmx73Ha9MZXid+cUKlYIO70NKRdHw8FGzCCtZF69lHHx3pEMI+vZ7nOhBIoeu5Zz84iB1UKRTcPkeNWKm6+bEixUEGoCF0HzZEFS9R69nunH5DIp0ITjpVquyjU3RhLzQins0wnUjTEZIyHtG2owD5V3XgefwZPjdKHg0CaJzScq983YuwrNfU9M5mEVb+9RPzLa0d6cNGNmQgjTQVZHBpEHOoAJl3APpOUaD41BBPJTFZIRlhiok1jGVPC10/h/6SRd9ySU7o9z1Yvl3WkwTE4ATnggjKoghtQA3VAQAwewBN4tu6tR+vFel2MpqzlziH4AevtE6A+lUs=</latexit>

E(~n1)
<latexit sha1_base64="3XLcarjfXA77JBLA5RpmvYmLBOA=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEuhkyU9vaXVEElxXsA9pSMmnahmYyQ5IplKHgr7hxoYhbv8Odf2P6EFT0QOBwzr3ck+NHnCmN0IeVWlldW99Ib2a2tnd29+z9g7oKY0lojYQ8lE0fK8qZoDXNNKfNSFIc+Jw2/NHVzG+MqVQsFHd6EtFOgAeC9RnB2khd+6gdYD0kmCfX01x7TAkUXe+sa2eRg8r5gutB5LjlsuuVDCnkywgVoOugObJgiWrXfm/3QhIHVGjCsVItF0W6k2CpGeF0mmnHikaYjPCAtgwVOKCqk8zjT+GpUXqwH0rzhIZz9ftGggOlJoFvJmdh1W9vJv7ltWLdv+gkTESxpoIsDvVjDnUIZ13AHpOUaD4xBBPJTFZIhlhiok1jGVPC10/h/6TuOW7RKd6eZyuXyzrS4BicgBxwQQlUwA2oghogIAEP4Ak8W/fWo/VivS5GU9Zy5xD8gPX2CaHDlUw=</latexit>

E(~n2)



High precision energy-energy correlator

• Opportunity: charged particle tracks offer amazing angular resolution.


• Precise data & theory: NNLL collinear + N4LL back-to-back.
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(a) (b)

FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵
divided by the number of events in the MC

sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-
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Break  degeneracy(αs, Ω)

• Problem:  from event shapes correlated with leading nonperturbative effect.


• Potential solution: combine collinear and back-to-back region.
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• Most precise  from jet substructure: extract from power law of E3C/EEC.αs

 from higher-point correlatorsαs
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The corrections are applied to the parton-level calculations and are in the 5–40% range for the
E2C and E3C distributions, decreasing with increasing xL and jet pT; they largely cancel in the
ratio, decreasing to the 0–3% range. The difference between the PYTHIA8 and HERWIG7 correc-
tion factors is considered as the nonperturbative theoretical uncertainty [33]. Figure 3 shows
the slope of the xL dependence of the E3C over E2C ratio, defined as D(E3C/E2C)/D log xL,
accounting for the covariance matrix and systematic uncertainties. Since the slope is approxi-
mately proportional to aS(Q) [12], the trend reflects the running of aS with jet energy.
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Figure 2: Measured E3C/E2C ratio (left) and their ratio to predictions (right) in the perturbative
xL region and four jet pT bins. The NLO+NNLLapprox predictions [26] are corrected to hadron-
level and normalized to the data. The statistical and experimental systematic uncertainties are
shown with bars and boxes, respectively.
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Figure 3: Fitted slopes of the measured E3C/E2C ratios, in the eight jet pT bins, compared to
theoretical predictions for three aS values.

Comparing the measured E3C/E2C ratio, as a function of xL, with the corresponding theoreti-
cal predictions (using the median value of the predictions in each xL bin), we obtain c2 values
as a function of aS(mZ). We consider the theoretical uncertainties described above, except that
the PS renormalization scale uncertainty is replaced by the NLO+NNLLapprox uncertainty [26].
Only the perturbative region is used; the xL < 0.234 selection avoids boundary effects of the
jet clustering algorithm [25]. Since the theory normalization is unknown in the perturbative
region, a free parameter is introduced in each pT bin, and we only consider the shape effects of
the uncertainties. For each aS(mZ) value, the c2 is defined as
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• Analytically continue -point energy correlator in  [Chen, Moult, Zhang, Zhu].


•  corresponds to small-x, tantalizing hint in CMS open data.

N N

N → 0
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Small-x in jets from lower-point correlators
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Making higher-point correlators practical



Fast N-point projected correlator

• Problem: computation time is  for  particles,  for non-integer .𝒪(MN) M 𝒪(22M) N

10

traditional

3

leading non-perturbative contributions for PENCs and
provide explicit tests of our predictions against Monte
Carlo simulations. We summarize in Sec. V.

II. NEW APPROACH TO PENCS

In the traditional paramaterization of the projected N -
point correlator, the shape information of the N -points
is integrated out, keeping only the largest distance (an-
gular separation) between all pairs of particles [11]. In
Ref. [30], some of us introduced a new parametrization
that leads to a simpler phase-space structure, while main-
taining the key physics properties in the collinear limit.
There we showed that this enables a dramatic speed up,
making the evaluation of the projected N -point correla-
tor independent of N . We will recap the main points in
this section and show in Sec. III that the simpler struc-
ture has important implications for the theoretical de-
scription of the back-to-back limit. In Sec. IV, we will
discuss the non-perturbative corrections in the collinear
limit, using this parametrization.

The key idea in our approach is to only consider the
distances of all particles with respect to a “special” parti-
cle is, and subsequently perform an energy-weighted sum
over all possible choices of is. A cartoon illustrating the
difference between the traditional approach and our new
parameterization is shown in Fig. 1.

Concretely, the N -point projected energy correlator is
defined as

PENC(�) ⌘
1

�

d�[N ]

d�
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1

�

Z
d�X

X

is

zis

X

i1...iN�1

zi1 . . . ziN�1

⇥ �
�
��max

j
{✓is,ij}

�
. (1)

Here d�X denotes the differential cross section for pro-
ducing a hadronic final-state X, and the sums over is

and {ij}
N�1
j=1 run over all M particles in X, zi = 2Ei/Q

are the energy fractions with respect to half the center-
of-mass energy of the collision1. The angular separation
of particle ij from the special particle is is denoted by
✓is,ij while � corresponds to the largest angular separa-
tion of the N � 1 final-state particles ij relative to is.
For the special case of N = 2 the traditional and new
parametrization coincide.

We will also use the cumulative distribution,

⌃N (�) =

Z �

0
d�0 d�

[N ]

d�0 =

Z
d�X

MX

is=1

zis

⇥
zdisk(is,�)

⇤N�1
,

(2)

1This extends the jet-based parametrization in Ref. [30] to a full
e+ e� event shape. We divide by half the center-of-mass energy in
zi, as this corresponds to the jet energy in the dijet limit.

�L

(a) traditional approach

�

is

(b) new parametrization

FIG. 1. An illustrative diagram comparing the (a) tradi-
tional approach for PENCs against the (b) new parametriza-
tion for N = 4. In (a) all

�
N
2

�
pairwise distances are needed

to determine the largest separation �L = maxj,k{✓ik,ij}. By
contrast, in (b) the PENCs are parametrized relative to a ref-
erence particle is, with the largest separation characterized
by � = maxj{✓is,ij}. In both cases all particles are summed
over, including the special particle in (b). The dashed region
illustrates the boundary of the jet, which is not needed in
e
+
e
� collisisons.

which provides a simple interpretation of our approach in
terms of the total energy fraction zdisk(is,�) in a disk of
radius � around the special particle is. This expression
emphasizes that, unlike the traditional parametrization,
no new intricacies arise when generalizing to non-integer
values of N . It also shows that these PENCs obey the
sum rule

1

�
⌃N (⇡) = 2N , (3)

which follows directly from energy conservation as
zdisk(is,⇡) = 2 and the summing over all possible choices
of the special particle also gives

P
is
zis = 2.

The cumulative distribution in Eq. (2) allows us to
highlight the major computational advantage of this new
parametrization in reducing the scaling in time of the N -
point projected correlator for M particles from O(MN )
to a simple O(M2 lnM) scaling, independent of the value
of N . One factor of M arises from the sum over is, while
the M lnM comes from sorting the particles by their dis-
tance relative to is, as explained in Ref. [30].

<latexit sha1_base64="qp6w6qFjCzSpnY8XPvfz04my3w8="></latexit>

RL



Fast N-point projected correlator

• Problem: computation time is  for  particles,  for non-integer .


• Solution: isolate a special particle and only consider distances to it

𝒪(MN) M 𝒪(22M) N
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no new intricacies arise when generalizing to non-integer
values of N . It also shows that these PENCs obey the
sum rule

1

�
⌃N (⇡) = 2N , (3)

which follows directly from energy conservation as
zdisk(is,⇡) = 2 and the summing over all possible choices
of the special particle also gives

P
is
zis = 2.

The cumulative distribution in Eq. (2) allows us to
highlight the major computational advantage of this new
parametrization in reducing the scaling in time of the N -
point projected correlator for M particles from O(MN )
to a simple O(M2 lnM) scaling, independent of the value
of N . One factor of M arises from the sum over is, while
the M lnM comes from sorting the particles by their dis-
tance relative to is, as explained in Ref. [30].
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leading non-perturbative contributions for PENCs and
provide explicit tests of our predictions against Monte
Carlo simulations. We summarize in Sec. V.

II. NEW APPROACH TO PENCS

In the traditional paramaterization of the projected N -
point correlator, the shape information of the N -points
is integrated out, keeping only the largest distance (an-
gular separation) between all pairs of particles [11]. In
Ref. [30], some of us introduced a new parametrization
that leads to a simpler phase-space structure, while main-
taining the key physics properties in the collinear limit.
There we showed that this enables a dramatic speed up,
making the evaluation of the projected N -point correla-
tor independent of N . We will recap the main points in
this section and show in Sec. III that the simpler struc-
ture has important implications for the theoretical de-
scription of the back-to-back limit. In Sec. IV, we will
discuss the non-perturbative corrections in the collinear
limit, using this parametrization.

The key idea in our approach is to only consider the
distances of all particles with respect to a “special” parti-
cle is, and subsequently perform an energy-weighted sum
over all possible choices of is. A cartoon illustrating the
difference between the traditional approach and our new
parameterization is shown in Fig. 1.

Concretely, the N -point projected energy correlator is
defined as

PENC(�) ⌘
1

�

d�[N ]

d�
=

1

�

Z
d�X

X

is

zis

X

i1...iN�1

zi1 . . . ziN�1

⇥ �
�
��max

j
{✓is,ij}

�
. (1)

Here d�X denotes the differential cross section for pro-
ducing a hadronic final-state X, and the sums over is

and {ij}
N�1
j=1 run over all M particles in X, zi = 2Ei/Q

are the energy fractions with respect to half the center-
of-mass energy of the collision1. The angular separation
of particle ij from the special particle is is denoted by
✓is,ij while � corresponds to the largest angular separa-
tion of the N � 1 final-state particles ij relative to is.
For the special case of N = 2 the traditional and new
parametrization coincide.

We will also use the cumulative distribution,

⌃N (�) =

Z �

0
d�0 d�

[N ]

d�0 =

Z
d�X

MX

is=1

zis

⇥
zdisk(is,�)

⇤N�1
,

(2)

1This extends the jet-based parametrization in Ref. [30] to a full
e+ e� event shape. We divide by half the center-of-mass energy in
zi, as this corresponds to the jet energy in the dijet limit.

�L

(a) traditional approach

�

is

(b) new parametrization

FIG. 1. An illustrative diagram comparing the (a) tradi-
tional approach for PENCs against the (b) new parametriza-
tion for N = 4. In (a) all

�
N
2

�
pairwise distances are needed

to determine the largest separation �L = maxj,k{✓ik,ij}. By
contrast, in (b) the PENCs are parametrized relative to a ref-
erence particle is, with the largest separation characterized
by � = maxj{✓is,ij}. In both cases all particles are summed
over, including the special particle in (b). The dashed region
illustrates the boundary of the jet, which is not needed in
e
+
e
� collisisons.

which provides a simple interpretation of our approach in
terms of the total energy fraction zdisk(is,�) in a disk of
radius � around the special particle is. This expression
emphasizes that, unlike the traditional parametrization,
no new intricacies arise when generalizing to non-integer
values of N . It also shows that these PENCs obey the
sum rule

1

�
⌃N (⇡) = 2N , (3)

which follows directly from energy conservation as
zdisk(is,⇡) = 2 and the summing over all possible choices
of the special particle also gives

P
is
zis = 2.

The cumulative distribution in Eq. (2) allows us to
highlight the major computational advantage of this new
parametrization in reducing the scaling in time of the N -
point projected correlator for M particles from O(MN )
to a simple O(M2 lnM) scaling, independent of the value
of N . One factor of M arises from the sum over is, while
the M lnM comes from sorting the particles by their dis-
tance relative to is, as explained in Ref. [30].
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Fast N-point projected correlator

• Time is  for projected correlator for all ! 

• Follows from cumulative:

𝒪(M2 ln M) N
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Factorization in back-to-back regime



• Follows from TMD factorization for  hadrons [Moult, Zhu]e+e− → 2

Factorization for EEC in back-to-back regime
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• Follows from TMD factorization for  hadrons [Moult, Zhu]


• Jet functions are integral of TMD fragmentation functions


• Soft radiation not measured but provides recoil.

e+e− → 2

Factorization for EEC in back-to-back regime
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• Summary: only one jet function changes. 

‣ Hard function: same hard scattering.


‣ Soft function: only provides recoil.


‣ Jet function for jet with special particle: unchanged.


‣ Other jet function depends on special particle 

Factorization for N-point correlator in back-to-back
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5

jets is due to both the collinear and soft radiations with
soft radiation providing a color connection between the
two jets. The presence of the explicit energy weights in
the definition of the EEC suppresses any direct contribu-
tion from soft radiation at leading power, such that its
only effect is through recoil. This will no longer be the
case for the subleading corrections due to hadronization
in Sec. IV.

We will use light-cone variables to parameterize the
momenta of the particles in the final state. In these co-
ordinates, any four-momentum can be decomposed as

p
µ = n · p

n̄
µ

2
+ n̄ · p

n
µ

2
+ pµ = (n · p, n̄ · p,pµ) (6)

where n = (1, 0, 0, 1) and n̄ = (1, 0, 0,�1) are the light-
like directions along the initial quark and anti-quark pro-
duced in the e

+
e
� collision.3

In terms of the effective theory formulation, the rele-
vant modes that contribute to the EEC in the back-to-
back limit are: the two collinear modes describing the
energetic radiation in the two jets, and a soft mode that
encodes the recoil of these jets due to the low energy
radiation. These modes are described by the following
scaling of their light-cone momenta,

n-collinear: pn ⇠ Q(1,�2
,�) ,

n̄-collinear: pn̄ ⇠ Q(�2
, 1,�) ,

soft: psoft ⇠ Q(�,�,�) , (7)

in terms of the power counting parameter � ⇠
p
1� x ⇠

⇡ � � and the center-of-mass energy Q of the collision.
The theory whose modes satisfy the power counting in
Eq. (7) is known as SCETII [47]. As the recoil concerns
the momentum component perpendicular to the jet, the
corresponding p component has the same �-scaling for
all these modes.

Indeed, the expression of the angular scale x for the
n-collinear parton i and n̄-collinear parton j is [35]

1� x =
p2

Q2
=

1

Q2

⇣p0
i

zi
+

p0
j

zj
� psoft

⌘2

=
1

Q2
(pi + pj � psoft)

2
, (8)

where we have dropped power corrections. Here, zi,j de-
note their fraction of the jet energy, p0

i,j their transverse
momenta with respect to the initiating parton (or field),
and psoft is the total transverse momentum of soft radia-
tion. Since only this specific ratio of p0

i,j and zi,j appears,
it is convenient to switch to their ratio, which we denote
by pi,j .

For the traditional parametrization, generalizing these
arguments to PENCs is non-trivial because all possible

3While this specific frame is not experimentally accessible, it
simplifies the discussion, and the final result is frame independent.

is �is

soft

FIG. 3. Schematic of the back-to-back regime, where the
special particle is in on one of the jets and the measurement
is sensitive to details of the collinear radiation in the opposite
jet, through their distance to the antipode of the special par-
ticle �is. The soft radiation produces an overall recoil, such
that the jets are no longer exactly back-to-back.

distances between subsets of particles in both jets are
needed to compute their largest separation. In our ap-
proach, the phase-space structure is simplified because
we only have to consider distances to the special parti-
cle. If the special particle is in one jet, we just have to
consider the distances to subsets of particles in the other
jet. Instead of the largest distance � we can equivalently
consider the smallest distance ⇡ � � to the antipode of
the special particle, depicted in Fig. 3. This means that
the complications for N 6= 2 reside entirely in the jet
function JN�1, while the jet containing the special parti-
cle is described by the same jet function J as for N = 2.

WW[WW: added:] Indeed, collinear emissions in the jet con-
taining the special particle are always included in the disk
of radius � when � ! ⇡, i.e. they never set the largest
distance and the sum over their momentum fractions is
1. Note that for this to hold it is important that the total
momentum fraction of all collinear radiation in a jet is
1. Otherwise the number of detectors in the jet with the
special particle would yield a nontrivial overall factor for
the jet function. AB[AB: I like this description.]

The new jet function JN�1 takes as input the an-
tipode of the special particle, characterized by pap =
�ps/zs+psoft where s labels the special particle (which is
not soft). The term psoft accounts for the recoil from soft
radiation. This complicates the factorization structure
compared to the simpler additive structure in Eq. (8),
where the jet function’s contributions to the distance x

can be calculated independently of each other. Because
the jet is insensitive to the initiating quark spin at leading
power, the jet function JN�1 has azimuthal symmetry, it
can only depend on the relative angle � between its trans-
verse momentum p and pap. At leading order, the jet
function contains a single parton, which is automatically
the one closest to the antipode, and the measurement can

zdisk
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• Other jet function depends on special particle through distance to antipode

Factorization for N-point correlator in back-to-back
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• At LO, the new jet function is trivial

Jet function
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both jets in zdisk only jet with special particle



• At LO, the new jet function is trivial


• At NLO, without recoil (             ), the measurement is:

Jet function
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• At LO, the new jet function is trivial


• At NLO, without recoil (             ), the measurement is:

Jet function
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• Jet function without recoil:

Jet function
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• Jet function without recoil:


• Jet function in infinite recoil limit: 


‣ Boundary  instead of 


‣ Only modifies constant:

ϕ = π
2 z = 1

2

Jet function

22

<latexit sha1_base64="ksbr0uMLJFNS44lnceM7xZKZazg="></latexit>

JN�1(p,0;µ, ⌫)

2N�1 � 1
= �2(p) +

↵sCF

⇡

⇢
jN�1�

2(p)+


2 ln

⇣Q
⌫

⌘
� 3

2

�
1

2⇡µ2

h 1

p2/µ2

i

+

�

<latexit sha1_base64="VmihPIhW1MwNZJ5fDkuL2I6Kq94="></latexit>�is

<latexit sha1_base64="vMsIenLhDXQbjU9WNkcGuEqIpCo="></latexit>

�JN�1

2N�1 � 1

|p|!0
=

↵sCF

⇡
j0N�1 �

2(p) , j02 = � 1

24
� 1

2
ln 2 .

<latexit sha1_base64="VmihPIhW1MwNZJ5fDkuL2I6Kq94="></latexit>�is



• Effect of recoil is finite correction:


✓Checked against large recoil limit.

Jet function with recoil
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Nonperturbative effects in collinear regime



Leading nonperturbative effects

• Contribution to energy correlator from collinear and nonperturbative particle:
collinear is special particle nonperturbative is special
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Leading nonperturbative effects

• Contribution to energy correlator from collinear and nonperturbative particle:


‣ First term yields familiar result for  [Lee, Pathak, Stewart, Sun; Chen, Monni, Xu, Zhu].


‣ Second term dominates for .

N ≥ 2

N < 1

collinear is special particle nonperturbative is special
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Leading nonperturbative effects
• Leading nonperturbative corrections to cross section in collinear region:


• Features of second term:


‣ Classical scaling modified .


‣ Expect , though  in general.


• Study in Pythia: taking the difference between hadronization on/off.

1/x3/2
1 → 1/x1+N/2

1

Ω[N] ≈ (Ω1)N ⟨zN
NP⟩ ≠ ⟨zNP⟩N
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Dependence on Q

• For , the  scaling is not so clear in Pythia. 


• For , the  scaling is clearly present.

N ≥ 2 1/Q

N < 1 1/QN
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Dependence on  for N N ≥ 2

• Normalization is correct, but power-law in  also changes.x1
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• Normalization is correct, but power-law in  also changes.


• Power-law of nonperturbative: similar to perturbative, qualitatively follows

x1
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[Lee, Pathak, Stewart, Sun]
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Dependence on  for N N < 1

• For , modification of classical scaling is observed: .N < 1 1/x3/2
1 → 1/x1+N/2

1
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Dependence on  for N N < 1

• For , modification of classical scaling is observed: .


• We fit the nonperturbative parameter, finding .

N < 1 1/x3/2
1 → 1/x1+N/2

1

Ω[N] ≈ (Ω1)N
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Conclusions
• Higher-point correlators are 


‣ Interesting: , small x in jets, …


‣ Feasible: speed up from new parametrization.


• Factorization in back-to-back regime: one modified jet function.


• Nonperturbative effects in collinear regime: new contribution for .

αs

N < 1
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Backup



Factorization in the collinear regime
• Factorization for standard projected correlator:


• New parametrization only affects jet function:


‣ Difference arises for 3 or more particles in jet, so NNLL effect.


‣ Triangle inequality: , NNLL implies .R1 ≤ RL ≤ 2R1 RL = R1 [1 + 𝒪(αs)]

<latexit sha1_base64="Kb90g766RxlSijicxpBOL4J7cjo="></latexit>Z RL

dR0
L
d�[N ]

dR0
L

=

Z 1

0
dxxN ~H

⇣
x,

Q

µ

⌘
· ~J [N ]

⇣
ln

RLxQ

µ

⌘

hard scattering jet formation[Dixon, Moult, Zhu; Chen, Moult, Zhang, Zhu]
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