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Introduction

s most important parameter in QCD — should be determined with high precision.

Our strategy — comparing the QCD Static Energy obtained in lattice simulations
with highly accurate perturbative results.

VQcp o< as — very sensitive.

We improve this method building on previous analyses [A. Bazavov, N. Brambilla, X. Garcia
i Tormo et al, 2012, A. Bazavov, N. Brambilla, X. Garcia i Tormo et al, 2014] in several ways:

- Leading renormalon subtraction — short-distance scheme (MSR).
- Resummation of associated large logs with R-evolution.

- Profiles functions for the renormalization scales.

We can fit (for the first time) lattice data up to r ~ 0.5fm.
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Static Energy and Static Potential

® The Static Energy is defined as the potential energy between an infinitely massive quark
anti-quark pair at a distance r, corrected by ultra-soft effects. In pPNRQCD

ES(r) = Vs(ra IU/) + 6us(raﬂ)~
® The Static Potential is the basic object to understand the behavior of non-relativistic QCD:

VS(ra ,U,) = VSSOft(rvljf) + Vsus(rvu)a

3 P
V() = — Cr O‘Si'u) Z [O‘Z(:)} JZ:; ajjlog! (ruee).

i=0

e Coefficients ajo are known to three loops. ajj>o obtained with RGE. (1) = agn“:?’)(u).

® At O(a?) ultra-soft contributions show up for the first time

~ GiCr ad()

VSus(r7p“) = 127T r

log (pre™®).
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Ultra-soft term and resummation

® /i, appears both in the ultrasoft static potential V** and in the matrix element J,s

C3Cr ol _5/6
Sus (Hhs, pus) = — AZF O (k1s) s (pus) log [CAas (us)e ]

127 r fhust
C3Cr a3 «
VES(r, sy pus) = — f‘27r = (115)ts(1us) log (pusre™®)
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Ultra-soft term and resummation

® (1,5 appears both in the ultrasoft static potential V** and in the matrix element J,s

; 3 —5/6
Ous (s, fus) = — CACF a5 (is) s (pus) log [CAQS (us) e ]

127 r Husr
C3Crad «
VI s ) = — A ) OSAS) 1o ey

® One can see the necessity of resummation with these two (incompatible) choices
that minimize logs.

- fus ~ «s/r [use this one: no large logs in dys]

- pys ~ 1/r [discarded: sum up logs in V9]
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Ultra-soft term and resummation

® (1,5 appears both in the ultrasoft static potential V** and in the matrix element J,s

ACF a3 ~5/6
s (s tus) = — A @5 (1) 02 (js) oo [CAaS (us) e ]

127 r Uus!
C3Cr o3(us)a A
VER(r, ps, prus) = = 75— S(Ms)r <045) 105 pugere)

® One can see the necessity of resummation with these two (incompatible) choices
that minimize logs.

- Hys ~ as/r [use this one: no large logs in dys]

- pys ~ 1/r [discarded: sum up logs in V]
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Ultra-soft term and resummation

® Resummation is known up to N3|_|_ (O/SH_nlnnOés) [N. Brambilla, A. Vairo, X. Garcia i Tormo
and J. Soto, 2009].
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Ultra-soft term and resummation

® Resummation is known up to N3|_|_ (O/SH_nlnnO(s) [N. Brambilla, A. Vairo, X. Garcia i Tormo
and J. Soto, 2009].

® We perform resummation using pPNRQCD RGE

e (;’M”S’“) = _22,;@% O‘ST(F“) [1 +B (“)} H( ){1 +3% b ("S) [a1.0 + 280 log (risce™) | }
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Ultra-soft term and resummation

® Resummation is known up to N3|_|_ (O/SH_nlnnOés) [N. Brambilla, A. Vairo, X. Garcia i Tormo
and J. Soto, 2009].

® We perform resummation using pPNRQCD RGE

du 24r

AT 2Ce G as(p) [1+B (u)}  (u ){1+3as(us) [a1,0+260 log (ruse”E)]}.

® Integrating from p = ps ~ 1/r to p = pys ~ as/r
Vs (r, ,Usv,uus) 7\/ (r ,Us) + Uus (r7/~l’sa ,uus)

Uns (1, ts,s pus) = gﬁcf 2 (us) { (1 + 3as (MS) [a1,0 + 260 log (ruse”’f)]) log {

+<B_4ﬂﬁlo) {as(:us) _as;us)]}

s
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Ultra-soft term and resummation

® Resummation is known up to N3|_|_ (ai*”ln"as) [N. Brambilla, A. Vairo, X. Garcia i Tormo
and J. Soto, 2009].

e We perform resummation using pNRQCD RGE

LAV (g;»s,u) _ _2%3 as(p) [1+B (u)} ol (p s){1+3 5(7/:5) [a 0+ 2B log (ws )]}

® Replacing in the static energy — no large logs for ps ~ 1/r and pys ~ as/r
CA? Cr 042 (Ms) 3 B_ ﬂ Qs (,Uus) O (,Us)
12 r 50 450 s ™

- % (1 + 3as4(7;:s) [a1,0 + 200 |0g(ruse’75)]) log [c;((;::))]

e ) g [ G000 2] 0l0) g )

™ r'fhus

Es(r) =V (r, ps) +
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R-improvement, renormalon substractions

® Static energy suffers from an r-independant O(Aqcp) renormalon ambiguity.
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R-improvement, renormalon substractions

® Static energy suffers from an r-independant O(Aqcp) renormalon ambiguity.

® |t is equals to —2 x the ambiguity of the pole mass.

Eqg(r) = 2m2,°|e + Ei(r) renormalon-free
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R-improvement, renormalon substractions

® Static energy suffers from an r-independant O(Aqcp) renormalon ambiguity.

® |t is equals to —2 x the ambiguity of the pole mass.

EQ@( r)= 2mp°|e + Ei(r) renormalon-free

® To cancel the renormalon we need a short-distance mass scheme — MSR mass [A. H. Hoang,
A. Jain, C. Lepenik, V. Mateu, |. Scimemi and |. W. Stewart, 2018]

MSR — pole  MSR _ = g [as(R)]"
smy ™ (p, R) = mye — mg) (R)_Rz_:én[ -

~ry [l ]Za o8 (1)
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R-improvement, renormalon substractions

® Static energy suffers from an r-independant O(Aqcp) renormalon ambiguity.

® |t is equals to —2 x the ambiguity of the pole mass.

EQ@( r)= 2mp°|e + Ei(r) renormalon-free

® To cancel the renormalon we need a short-distance mass scheme — MSR mass [A. H. Hoang,
A. Jain, C. Lepenik, V. Mateu, |. Scimemi and |. W. Stewart, 2018]

sm MSR(M, R) = m%me B MSR RZéR [as(R ]

]"Zaglogf ().

Jj=0

- Rg {O‘Z(:)

® New type of large logs — resummation using R-evolution [A. H. Hoang, A. Jain, I.
Scimemi and |. W. Stewart, 2008].
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Previous works

® To see the advantages of R-evolution we go back to the first work that used the
static energy to obtain as [A. Bazavov, N. Brambilla, X. Garcia i Tormo et al, 2012]

Es(r) = Vs(ra,u‘S?,uus) + 6U5(r7,ushuus) + RS(p),

b Vs(r7/’LS>MUS) — ln(r/’(’US)
* RS(p) — In(p/tius)

® There is no right choice for s — fits only posible for small values of r.

® The force was used in [TUMQCD collaboration, 2019]
dEs(r)
F.(r) =
+(r) dr

Force avoids explicit substraction.

Using fully canonical scales ~ 1/r — limits fit-range to r ~ 0.076 fm.
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R-improvement, renormalon substractions

® The next goal is to obtain a renormalon-free potential.
Eqgl(r) = 2m4S (Ro) +20myS™ (Ro, 1) + Ex(r) = 2mYS™ (Ro) + V5™ (1, 1, Ro).
® We sum up large logs of 1/ Ry.
smg>R (Ro) = omy™™ (Ro) + smg SR (R) — smyy*(R)
= 5mgSR(R) + mIC\QISR(R) — mgSR (Ro)
= dmy R (R) + AM (R, Ry).

AMSR (R Ry): solution to MSR mass R-RGE — sums up logs of R/Ry.
We have 5mlgSR(R) ~ log(u/R). By choosing it ~ R — no large logs.

We define the R-improved static potential:
VMSR (r 11 Ro) =Vi(r, p) + 26MSR(R, p) + 2AMSR (R, Ry) .
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Dependence on )\

® We don't know the R-evolution kernel up to infinite order — can estimate the truncation error
with a dimensionless parameter ), its variation account for higher-order remnantes (similar to

renormalization scale variation).

® (s is sensitive to Ny, (also deppends on A), we have studied the R-evolution dependence with .

032F T~ "~ " T T T — T

[ i [1RS | Force
[ Ny [ PS1]
—031F 1 MSRn [ VQCD 7]
é L { MSRp ]
T o030F 3
= I 1
S ]
0.29F N°LO A=1 .
r rmm =0. 02 fm rqu =0. 4fm ]

" " " 1
0 52 O 54 0 56 0.58

Ny

® The canonical value of A = 1 is clearly biased.
® We pick A = 1.784 and vary it from 1.5 to 2.1.

1.02

1.00

[Ansr (R, 2GeV)]y/[Ansr(R,2GeV)]x—05
—

1.06

1.04

i

— R=20GeV R=7GeV

— R=10GeV — R=5GeV

Cle v v v

»

A R T
1.0 1.5
A
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Profiles

® We look for describing intermediate distances with pQCD.
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Profiles

® We look for describing intermediate distances with pQCD.

® log(rus) and as(us) have to be small simultaneously.

® Choosing ps ~ 1/r doesn’t always work — s < Agep for r 2 0.2 fm ~ 1 GeV.
® Solution: use profile functions that ensure series convergence:

> ¢
b > forr =0
Ms(r7§7MoQ7A,b):\/(§) +r+(/'I’OO_A)2_A:{r

oo forr— oo
R(raﬂv R007A7 b) = /u's(nﬂv ROOaAa b)
Nus(r7§7 Ky Hoos Aa b) = CA{,U‘S(r7 K’fa Moo Av b)O[s [H’S(ra ’%57#007 Aa b)] 7/”‘00055(#‘00)}4»#00

with &€ = O(1), poo ~ 1 GeV and ps > piys for small distances. This makes sure
the series is stable and convergent over the entire spectrum.
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Profiles

Soft and ultrasoft scales

S5 LN IR A B LR BN R LR B

C o =3 (m;) =0.305 —
4:_ — Mus _:

— [ == 1.2
= 3L I _'
ol e Da,(1:2/r)
Eof ]
<t ]
1F .
0: I 1 1 1 I 1 1 1 I 1 I~-I——_I—-:—-I—-—I--I-__I_—I-__I—-'I ]
0.0 0.2 0.4 0.6 0.8 1.0

r [fm]
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Profiles

log( 1) log(ris), log(m:uf 5) as(ps)log (), as(ﬂs)log(ms) as(uus)log( T”( 5)
2rr— P LI Fr T 7 T T T3
L 2log(2 ) o= (m ) 0305 1 0'75:_ subtraction 3
[ ::::::::::::::;:;:,, ] E I soft ]
1 log(2) ] 0.50:_ ultrasoft /_:
i T ] 0.25F 3
(U = ] r — ]
r - IS ——— N ]
Ll > —log(2) ] 0.00r -
[ = ] E ]
1k - r ]
i subtraction ultrasoft log 77 soft log —0.25F al"=3(m,)=0.305 ]
Lo by b 1w Ly W I I R B B B
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

7 [fm] 7 [fm]

e Ultrasoft logarithm smaller than the soft one and O(1) in the fit range.
® The product of as(p)xlog(p) is smaller than 1.
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Perturbative analysis

Pole scheme

NLO 1

N3LO
_sH el =9 (m.)=0.305 N2LO [ LO ]
Bd o0y ey g
.0 0.2 0.4 0.6 0.8 1.0
7 [fm)]

MSR scheme
L

ol (m,)

=0.305

p——————

At r = 0.3 fm we have the following uncertainties for LO, NLO, N°LO and N3LO:
® Pole scheme — [0.16,0.31,0.71,1.86] GeV.

® MSR scheme — [0.17,0.15,0.13,0.07] GeV.



Lattica data

Lattice QCD data from HotQCD. (2 + 1) flavor simulations. We have 9 lattices
sets adding up to 2512 data points.

Only diagonal part of statistic covariance matrix publicly available.

Small-r data super precise but, potentially affected by large discretisation errors.

To change from lattice to physical units we use r; = 0.3093(20) fm, average of [A.
Bazavov et al, 2014] and [R. Larsen, S. Mukherjee, P. Petreczky et al, arXiv 2502.08061].
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Fits

® Each set n has a different origin of the static energy — offset A,, included in the
x? function:

, néata [Vlk(as) + Ak - chp]

aSa{Ak} ZX/( aSvAk Xk(aS)Ak): Z

=1 o]

2

® We can marginalize analytically first with respect to the offsets.

X ; S o BV — Vaos)]
—— =0= Ak(as) = ,
Ak Z”ddm [Uk 1]2
2
: S o i Vi) — Vi
—> 2 (as) = Xi(as, A(as)) — { Vi ‘ ]} .
Z data[ o ]i
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Fits

® Minimizing we obtain aB¥ that verifies {2(alF) = x2(alF, ABF) =2 .
® The fit uncertainty is defined as ¥?(aB¥ £ Agas) = X2, + 1.
® Theory uncertainties are estimated through a random scan.
® We perform the fit for 500 random profiles — a5F and Agcas for all of them.
® The theory (or perturbative) uncertainty is computed as
Apertas = (Qmax — Omin)/2

® The final result is the mean of the 500 asBF and Agias.

® We obtain O(100) x? values — inflate lattice error by \/x2, /d.o.f..

® Fit for r € [fmin, fmax]- rdata > 0.023 fm.

® rmin € [0.02,0.045] fm and rpax € [0.1,1] fm with 0.05 fm spacing — 1086

different datasets.
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Static Energy

L L s B s S S S S B S I
r = theory prediction ]
. 1:_ iL‘;J_’:T’:‘;‘ Fen _
> - = = - N j -
5 f - ]
S of , R
= ]
& F a{"=3) (m,) =0.3093 ]
_1:' A=0.4158 GeV B
[ N*LO ]
- 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
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Offset approach

® \We consider two offsets
0.320F T T approaches:
r ® Each ensemble has a
0.315F different offset.
s i e Common offset for all the
E§0310:’ ensembles.
D) C
I 0.305k
£, : 1 ® Both agree for rpax > 0.3 fm.
3 J
0.300 N3LO — Single offset ] ¢ 0 L F12 at
0.295 Poin = 0.02 fm — Many offsets J verpallfametrlzatlon of x° a
T small distances for the many
0.2 0.4 0.6 0.8 L0 offset case.
Tmax [fm]

We consider rpax > 0.35 fm.
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Order-by-order agreement

T T
Tiin = 0.025 fm

— N°LL — N?LL — FO

0.300E L L 1
0.2 0.4 0.6 0.8 1.0
Timax [f0]
. T T T T
2500 * N°LO — Single offset J
2 _— 3
_~ 2000 * N°LO Many offsets 3

e NLO

————
— N°LO 7y =0.025fm
—N’LO

® Uncertainty bands nested for

Fmax < 0.5 fm.

® We choose fpax < 0.45 fm
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Study of the dataset

0320F T T om T ot rrg

[~ Tmin= 0.025fm — ry;, = 0.040 fm
0.315F — rumin =0.030fm 3
’g C ]
~0.310F -
™ [ 4
Il - i
£.,0.305F 3
S - ]
0.300F -
P IR AU T NSRS S RS TR R
0.2 0.4 0.6 0.8 1.0

T'max [f0]

® We consider the range 0.02 < rppip < 0.04 fm .
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Variation of profiles parameters one at a time

Hoo

S S

Tmln = 0 020 fm Tmax = 0 40 fm

_ - up I Parameter Default Range

B down 1 1.2 x he  [0.7,2.2] x hc

— B 1.2 x he  [0.7,2.2] x hc

[ b 0 [-0.3,0.3] x hc

[ A 0 [—0.6,0.6] GeV

- Hoo 1GeV  [0.9,1.1] GeV

3 X Re 1GeV  [0.9,1.1]GeV
N°LO L K 1 0.8,1.2]
.Slngle offse.t , \ L Lo 21]

L1
—-0.002

L 1 1 1 1 "
0.000 0.002
A" =% (my)

L
0.004
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Final results

® Requirements: fpin € [0.02,0.04]fm and ryax € [0.35,0.45] fm — 105-element dataset.

® We perform a fit in all of them:

o{"=3) (m.) = 0.3093 £ 0.00001 4¢tice = 0.0061, =+ 0.0011ge & 0.0011,,
!
o{"=3) (m,) = 0.3093 + 0.0063
a{"=%) (mz) = 0.1170 4 0.00084, == 0.0001.e; = 0.0001,, 4 0.0003,,. + 0.0002,,,
!
o{"=%)(mz) = 0.1170 + 0.0009

Competitive with the w.a. a{”)(mz) = 0.1180 & 0.0009 and compatible at 0.5- level.
Comparing with previous analyses:

al"=%(mz) = 0.11660 7355512 — {"=%)(mz) = 0.1162(8) [TUMQCD collaboration, 2019]

S )

o"=5)(mz) = 0.1181£0.0009 — o{"=5)(mz) = 0.1177(9) [C. Ayala, X. Lobregat, A. Pineda, 2020]

22/24



Final results

T T T — T T T |
038h | t  Single offset ] 0.126F 1 { Single offset world average ]
0r Many offsets ] [ sets ]

_ : ¢ any offsets _oao4b ¢ Many offsets E
0.36F 15 ¢ ]
£0 1 Eounf .
L 034r 7 L o.120F H .
E.  f 1 &, ]
L S
030 | | | S oef . : ]

0 1 2 3 0 1 2 3
order order
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Conclusions

® Used the static energy to determine as, building (and improving) on previous
analyses.

® Performed ultra-soft large-log resummation up to N3LL.

® Employed the MSR mass and R-evolution to improve the static potential.

® Designed profile functions to increase the validity of the potential up to r ~ 0.5fm.
e Studied carefully the dependence on the dataset.

e Carried out fits to lattice data to obtain a very competitive result for as.

"= (mz) = 0.3093 £ 0.0063 ol (mz) = 0.1170 = 0.0009
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Force-type subtractions

® Integrating the Force is equal to perform R-evolution.
® The renormalon doesn't depend on r — we can subtract the potential at ry.
EF (r,n) = Er) — E.(n) = E(r) — E.(n) + [E- (n) — Ex (r0)]
_E()—E (n)+ / AF'F (F) = E(r) — B (n) + Ar (o, 1)
e [A. Bazavov, N. Brambilla, X. Garcia i Torr?m et al, 2014] chooses i = r — only Af left.

® Connecting with R-evolution, the substraction term is (choosing R = 1/r and u = R):

— <F _ 1 cors (1 _ aS(R) = . o~ = aS(R) i F
Es(n) = dlon(R) = ;& ( 5 ) = —21CrR o daik=R> | o
i=1 j=0 i=1

® We can express Ar as an R-evolution integral:

1 S0
’YSFOft(R) = _5 |:r2FS ft(r):| r:l/R’
) nodr 5 1 1/n
Asoft , :/ ! F:oft / — 7/ dR/ :; R/ .
£ (ro,n) . (r’)2 [(r) (r )] 5 U ot ft( )

It inherits the infrared sensitivity of the Static Potential.
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Potential-type subtractions

e E
r

® |f we choose =R and R =

ef"/E

v __\ssoft o as(R) i _ Oés(R) i v
dsoit(R) = V5 (R> = 27T67ECFR; [4%] ai-1,0 = RZ [477 ;i

® \\e can obtain their anomalous dimensions

1
o (R)= = [PV ()]
nodr 2 1 [ln
Asoft , — / ! Vsoft N — = / dRrR’ v R’
v (ro,n) . () [(r) f (r)] 2 i Ysoe (R')
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Subtraction schemes: PS scheme

® Defined from its relation to the pole mass: m, — m">(R) = dps(R)

1 437 -~ as(R) as(R)]’
5PSR:—/ volt(g R) = CFR— s ;
soft( ) 2 d<R (27‘(’)3 s (q7 ) F T ,Z:; An G,

i J ~1)
¢ = Z ajjhj,  with  hj =l Z -2k (g>2k ((2/3' '
j=0 |
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Subtraction schemes: ultrasoft terms

® Since all these three schemes come from the potential, they have ultrasoft terms in
their R-evoluition.

C3Cr

247

Y (R) = v (R) = 5 [as(R)]* log | Caas(R)e=~)
_ C3CF eE

1V (R) = (R) — A

[o=(R)]* log | Canis(R)e™e /%]

CFCA

’YPS(R) 'stgt(R) [ s( )]4 log [CAO@(R)eVE*S/ﬁ}_

® They inherit the infrared problem of the static potential.
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RS scheme

® |t is defined from the pole mass by subtracting its leading asymptotic behavior
[Antonio Pineda, 2001].

m%"® — mg3(R) = 5o R’V1/2Z{ﬁoas ] de (1+b1) Ly

® Ny is the normalization of the leading renormalon

n J
(n) Bo Sk _ ~R "N ~
N1/2_%Z N Sk—Zw (— )b Jlk7
k=0 (1+ b1 . k=0 =0
® Ny, depends on A, it reshuffles higher perturbative orders. We vary it to estimate
Ny (similar to scale variation).

® ) is also used to estimate R-evolution uncertainty.

24 /24



Nijp(ne=3) [Ansr(R,2GeV)])/[Aysr (R, 2GeV)] v —q5
: : S —————
] 1.061 —
0.535F ; ] I
0.530f | 1 Lo ]
0.525F ] I ]
i i 1.02f -
0.520F N N 1 I _\\ ]
max mid L — R=20QGeV R=7GeV i J
0.515F - i — R=10GeV — R=5GeV
A P P B B N P VY ol N T TN T
0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.5 1.0 1.5 2.0
A A
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Renormalon substraction

0.60F -

Z 0.50f

0.45

MSRn MSRp Force VQCD PS
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Perturbative analysis

T T T T T T T4
= al=9(m,) = 0.305 3
[} 3
& alm=3(m,) =0.305 ] 3
= : é
53] 1 — EX*(r) — 20usr +2A\sk 4 — LO — N°LO 7
4 — 2Dy(R Ro)  — EMSR(r,Ry) — NLO -~ full 3
26misr (R) - 102 x EROfi(r) — N2LO
_ PR S S TR S T T T S S T S B S S IR I B R R
6 02 04 06 038 1.0 0.0 02 04 06 08 10

7 [fm] r[fm

24 /24



Auxiliar figures

LSp e P
Eal™=%)(mz) =0.305
B
[}
O
=
=
< 3
~1.0F
E— Aag(m;)=0.06 — AE;=1GeV ]
L PR PR PR 1 ]
-L5 0.2 0.4 0.6 0.8 1.0
7 [fm]

nts

number of data po

FT T 7
2500: — full dataset
2000F — £>17.373
[ — [(>8

1500F B=8.4
1000F
500F

OF 1

NP
0.4

Tmax [fm]

N
0.6
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Random scan histograms

200

Tmin = 0.020fm 7.,

L T LI
[ N®LO

0.3050 0.3075 0.3100
0‘§W:3)(m7)

=0.50fm
T T
-z ]
- &, + b0
TTT Omin

T77 Omax

0.3125 0.3150

Pmin = 0.020fm 7, = 0.50 fm
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Y2 trimming
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Fits histograms
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Replica method
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Lattice data
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Lattice data
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Offset analysis
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Offset analysis
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Offset analysis

oo

D> om =

Single offset

Pmin = 0.020fm 7, = 0.40 fm
LA LI DL L L DL L L L L LA EL B

vl vy e e e b ey
-0.015 -0.010 -0.005 0.000 0.005
zkfi[(}e\ﬂ

GeV]

A

0.44

0.42

0.40

0.38

© — NLL — NJ2LL — FO -

Tmax [fm]

A R R B
0.4 0.6 0.8

L1
1.0

24/24



A variation
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Further dependence check on r,,
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Further dependence check on r,,
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Scattered fit points
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Aditional fits
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