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Motivation

• For collider phenomenology, fully differential radiation pattern essential


• Typical implemented in parton showers


• Especially in recent years, developments                                                           
driven by asymptotic limit and exact matching                                                    to 
resummed calculations


• A lot of insights possible by comparison to                                              
resummation formalism that directly works with                                           QCD 
amplitudes and a notion of                                                                             
“multiple emissions”

SciPost Physics Community Reports Submission

Order PDF4LHC21_40 MSHTxNNPDF_NNLO_qed MSHTxNNPDF_aN3LO_qed
ωFull

LO [pb] 2.4772(1) 2.4967(1) 2.5606(1)
ωFull

NLO EW[pb] -0.14759(5) -0.14826(3) -0.15238(3)
ϵFull

NLO EW[%] -5.95 -5.94 -5.95
ωFull
ϑ [pb] 0.021286(2) 0.021453(2) 0.021887(2)
ϵFull
ϑ [%] +0.86 +0.86 +0.85

Table 7: Predictions at LO and NLO EW for the full calculation for the fiducial (a)
phase space for different PDF sets. The photon-induced contribution is singled out.
Note that MSHT20xNNPDF40 is shorten to MSHTxNNPDF in the table.

(a) pT,H < 120 GeV (b) 120 GeV < pT,H <260 GeV

Figure 9: Fixed-order (NNLO and NLO) and NLOPS predictions within the VBF ap-
proximation for the dijet invariant mass within the fiducial (b) phase space, in two
regions of Higgs transverse momentum. The solid bands represent the 7-point vari-
ation of the factorisation and renormalisation scales in the hard matrix elements,
while for the vertical hashed green bands additionally the shower starting scale of
the reference generator is varied. For the total NLOPS uncertainty, shown as diagonal
hashed green bands, the scale variation and generator uncertainties are combined as
detailed in our recommendations in Sec. 6.3.3. The middle panels illustrate the ratio
between the respective fixed-order and the central NLOPS predictions. The lower
panels show the spread of the predictions obtained with the various NLOPS genera-
tors considered in this study.

is represented by a solid band corresponding to the scale variations (dubbed ME scale in the
legend).

At NLOPS, as our reference we use the VBF POWHEG-BOX implementation [79] showered
with PYTHIA 8 using a dipole recoil and the option POWHEG:pThard = 0. For this predic-
tion, we show again the scale variations in the hard matrix element (green solid band). The
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Example: Shower systematics 
in VBF Higgs production

[Dasgupta, Dreyer, Hamilton,Monni, Salam, Soyez ’20], 
[vanBeekveld, Ferrario Ravasio, Hamilton, Salam, 
Soto-Ontoso,Soyez ’22]

[Barone et al. ’25]
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Motivation — Parton Showers at NLL

• Several solutions/re-evaluations of parton shower concepts:

• [Dasgupta, Dreyer, Hamilton,Monni, Salam, Soyez ’20], [vanBeekveld, Ferrario Ravasio, Hamilton, 

Salam, Soto-Ontoso,Soyez ’22]


• partitioning of splitting functions and appropriate choice of evolution 
variable can lead to NLL accurate shower for local and global recoil 
strategies 


• [Forshaw, Holguin, Plätzer ’20]


• Connections between angular ordered and dipole showers

• [Nagy, Soper ’11]


• local transverse, global longitudinal recoil

• [Herren, Krauss, DR, Schönherr, Höche ’22]


• dipole shower Alaric, global recoil, enables analytic comparison to 
resummation and proof of NLL accuracy 


• [Preuss ’24]


• global recoil in antenna shower Apollo
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FIG. 2. Left: ratio of the cumulative y23 distribution from several showers divided by the NLL answer, as a function of
↵s ln y23/2, for ↵s ! 0. Right: summary of deviations from NLL for many shower/observable combinations (either ⌃shower(↵s !
0,↵sL = �0.5)/⌃NLL � 1 or (N subjet

shower(↵s ! 0,↵sL
2 = 5)/N subjet

NLL � 1)/
p
↵s). Red squares indicate clear NLL failure; amber

triangles indicate NLL fixed-order failure that is masked at all orders; green circles indicate that all NLL tests passed.

Fig. 1.
The left-hand plot of Fig. 1 shows the Pythia8 dipole

algorithm (not designed as NLL accurate), while the
middle plot shows our PanGlobal shower with � = 0.
The dipole result is clearly not independent of � 12

for ↵s ! 0, with over 60% discrepancies, extending the
fixed-order conclusions of Ref. [37]. The discrepancy is
only ' 30% for gg events (not shown in Fig. 1), and
the di↵erence would, e.g., skew machine learning [67] for
quark/gluon discrimination. PanGlobal is independent
of � 12. The right-hand plot shows the ↵s ! 0 limit
for multiple showers. The overall pattern is as expected:
PanLocal works for � = 0.5, but not � = 0, demon-
strating that with kt ordering it is not su�cient just to
change the dipole partition to get NLL accuracy. Pan-
Global works for � = 0 and � = 0.5. (Showers that
coincide for ↵s ! 0, e.g. Dire v1 and Pythia8, typically
di↵er at finite ↵s, reflecting NNLL di↵erences.)

Next, we consider a range of more standard observ-
ables at NLL accuracy. They include the Cambridgep
y23 resolution scale [68]; two jet broadenings, BT and

BW [69]; fractional moments, FC1��obs , of the energy-
energy correlations [47]; the thrust [70, 71], and the max-
imum ui = kti/Qe��obs|⌘i| among primary Lund declus-
terings i. Each of these is sensitive to soft-collinear ra-
diation as kt/Qe��obs|⌘|, with the �obs values shown in
Fig. 2 (right). Additionally, the scalar sum of the trans-
verse momenta in a rapidity slice [72], of full-width 2, is
useful to test non-global logarithms (NGLs). These ob-
servables all have the property that their distribution at
NLL can be written as [47, 53, 72–74]

⌃(↵s,↵sL) = exp
⇥
↵�1
s g1(↵sL) + g2(↵sL) +O

�
↵n
sL

n�1
�⇤
,

(6)
where ⌃ is the fraction of events where the observable
is smaller than eL (g1 = 0 for the rapidity slice kt).
We also consider the kt-algorithm [75] subjet multiplic-

ity [76], [51]§ 5.
Fig. 2 (left) illustrates our all-order tests of the shower

for one observable,
p
y23. It shows the ratio of the ⌃

as calculated with the shower to the NLL result, as a
function of ↵s ln

p
y23 in the limit of ↵s ! 0. The stan-

dard dipole algorithms disagree with the NLL result, by
up to 20%. This is non-negligible, though smaller than
the disagreement in Fig. 1, because of the azimuthally
averaged nature of the

p
y23 observable. In contrast the

PanGlobal and PanLocal(� = 0.5) showers agree with
the NLL result to within statistical uncertainties.
Fig. 2 (right) shows an overall summary of our

tests. The position of each point shows the result of
⌃shower(↵s ! 0,↵sL = �0.5)/⌃NLL�1 or (N subjet

shower(↵s !
0,↵sL2 = 5)/N subjet

NLL � 1)/
p
↵s. If it di↵ers from 0, the

point is shown as a red square. In some cases (amber tri-
angles) it agrees with 0, though an additional fixed-order
analysis in a fixed-coupling toy shower [37] [51]§ 2 re-
veals issues a↵ecting NLL accuracy, all involving hitherto
undiscovered spurious super-leading logarithmic terms.1

Green circles in Fig. 2 (right) indicate that the
shower/observable combination passes all of our NLL
tests, both at all orders and in fixed-order expansions.
The four shower algorithms designed to be NLL accurate
pass all the tests. These are the PanLocal shower (dipole
and antenna variants) with � = 1

2 and the PanGlobal
shower with � = 0 and � = 1

2 .

1 Such terms, (↵sL)n(↵sL2)p in ln⌃, starting typically for n = 3
(sometimes 2), p � 1, appear for traditional kt ordered dipole
showers for global (�obs > 0) and non-global observables [51]§ 3.
Terms of this kind can generically exist [77–79], but not at
leading-colour or for pure final-state processes with rIRC [47]
safe observables. In many cases, the spurious super-leading log-
arithms appear to resum to mask any disagreement with NLL.
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Outline

1. Basics of the CAESAR formalism


2. Putting things together: implementation in Sherpa framework


• + Extension towards jet shapes with masses


3. Extension towards CAESAR @ NNLL


4. Outlook/Summary
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CAESAR formalism

• Consider observable  calculated with set of Born momenta  
and ensemble of radiated gluons 


• Applicability condition: recursive IRC safety  soft-collinear emissions with 
 contribute to only power corrections to 


• Then, general cross section with cut on   reads

V({pi}, {ki}) {pi}
{ki}

⇒
V({pi}, k) < ϵv V({pi}, {ki})

V({pi}, {ki})

H(Q)e ∫ϵv
0 dki|M({pi},{ki})|2

∑
n

1
n! ∫ϵv

dki |M({pi}, {ki}) |2 θ(v − V({pi}, {ki}))

Virtual Unresolved Resolved real radiation

Analytic cancellation of IR 
poles

Finite integral over multiple emissions, 
can be evaluated numerically

[Banfi, Salam, Zanderighi ’04]

https://inspirehep.net/literature/655163
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CAESAR formalism

• Overall structure


• at NLL: approximate matrix element  and                                               
observable dependence  in soft collinear limit,                                                 
independent emissions strongly separated in rapidity


• limit needed to eliminate subleading contributions

M2

V(k)

Σ(v) = e−RNLL(v)F(v) F(v) = e− ∫v
ϵv dk M2(k) ∑

n

1
n! ∫ dki M2(ki) θ(v − V({pi}, {ki}))
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Numerical evaluation of SC limit

• how to extract NLL observable 
independent (i.e. without additional 
information)?


• method from [Banfi, Salam, Zanderighi ’05]: 
need explicit implementation of soft-
collinear limit*:

kρ
t = ktρ

ηρ = η − ξ ln ρ
and assume

V(kρ
i ) = ρV(ki)

 numerically 

evaluate integrals 

in this limit

→

ξ =
η

ηmax

∼ (ρ, ρ, ρ)
∼ (1, ρ2, ρ)

* for example  for brevityV(kt, η) ∼ kt /Q
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Example: jet resolution scales

• consider Durham jet cluster algorithm: 




• min scale to resolve  jets


• little analytic insight  numerical  
evaluation needed


•  first in [Banfi, Salam, Zanderighi ‘02]


• higher rates in [Baberuxki, Preuss, DR, Schumann ‘19]

yi,j =
min [E2

i , E2
j ]

Q2
(1 − cos θij) ∼ k2

t /Q2

yn n+1 → (n + 1)

→
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Figure 3: Multiple-emission function F appearing in the resummation of y23, evaluated with our default
numerical algorithm and the alternative method described in [12]. The left panel presents the
dependence on the large logarithm, i.e., ln(y23), the right panel shows the convergence of the
numerical evaluation in the limit v̄ ! 0 for selected values of R0. The lines with error bands
mark the value and statistical uncertainty when using the exact NLL algorithm presented in [12].

4. Predictions for Durham jet-resolution scales

In this section, we present our results for the 4�, 5�, and 6�jet Durham resolution scales. Our central
results, the resummed predictions to NLO +NLL0 accuracy, are presented in Sec. 4.1; we study the influence
of LO and NLO matching as well as subleading colour contributions in Sec. 4.2 and Sec. 4.3, respectively;
in Sec. 4.4, we then compare the resummed predictions with parton-shower simulations from SHERPA and
VINCIA, where we also address the impact of hadronisation corrections on the parton-level distributions.

4.1. Resummed predictions for multijet resolutions

Our central results are the resummed distributions of the Durham jet resolutions y34, y45, and y56, in the
definition discussed in Sec. 3.1. In particular, we require the Born events to possess n = 3, 4, 5 jets separated
by at least ycut = 0.02 in the calculation for yn,n+1, respectively. We perform our calculation at the LEP1
centre-of-mass energy

p
s = 91.2 GeV. We use the LogR matching scheme as described in Sec. 2.3 to

obtain physical distributions over the full range of the observable. Fig. 4 shows our predictions at LO and
NLO, matched to NLL by the means of the preceding sections to achieve an accuracy of LO + NLL0 and
NLO +NLL0, respectively. To estimate theoretical uncertainties from missing higher-order corrections, we
consider independent variations of µR , µQ, and p by factors of 0.5 and 2, resulting in the yellow (LO + NLL0)
and orange (NLO + NLL0) bands.

For higher jet multiplicities, we observe a narrowing of the distributions as well as a growing impact of
NLO contributions compared to the LO result, being significant only for y45 and y56. In the peak region, the
impact of NLO corrections stays rather small in any case, being of order of a few percent only. Regarding
y34, the NLO corrections do not have a large impact on the central prediction, we do, however, observe a
considerable reduction of the theoretical uncertainties, at least away from the very soft region, where higher-
logarithmic corrections become significant. This expected reduction of uncertainties is observed for the higher
multiplicities as well. Here, the impact of NLO corrections on the matched distributions become larger when
approaching the kinematic endpoint, yn,n+1 ⇡ ykin, but consistently stay within the LO uncertainty band.

The remaining statistical uncertainty from the numerical determination of the F-function is propagated
through to the final result, indicated by the error bars on the NLO + NLL0 prediction. It is entirely negligible
compared to the overall uncertainty from scale variations. In light of our earlier discussion of subleading
e↵ects emerging from taking the limits in the evaluation of F numerically, we conclude that these are indeed
insignificant for our final predictions.
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4.1. Resummed predictions for multijet resolutions

Our central results are the resummed distributions of the Durham jet resolutions y34, y45, and y56, in the
definition discussed in Sec. 3.1. In particular, we require the Born events to possess n = 3, 4, 5 jets separated
by at least ycut = 0.02 in the calculation for yn,n+1, respectively. We perform our calculation at the LEP1
centre-of-mass energy

p
s = 91.2 GeV. We use the LogR matching scheme as described in Sec. 2.3 to

obtain physical distributions over the full range of the observable. Fig. 4 shows our predictions at LO and
NLO, matched to NLL by the means of the preceding sections to achieve an accuracy of LO + NLL0 and
NLO +NLL0, respectively. To estimate theoretical uncertainties from missing higher-order corrections, we
consider independent variations of µR , µQ, and p by factors of 0.5 and 2, resulting in the yellow (LO + NLL0)
and orange (NLO + NLL0) bands.

For higher jet multiplicities, we observe a narrowing of the distributions as well as a growing impact of
NLO contributions compared to the LO result, being significant only for y45 and y56. In the peak region, the
impact of NLO corrections stays rather small in any case, being of order of a few percent only. Regarding
y34, the NLO corrections do not have a large impact on the central prediction, we do, however, observe a
considerable reduction of the theoretical uncertainties, at least away from the very soft region, where higher-
logarithmic corrections become significant. This expected reduction of uncertainties is observed for the higher
multiplicities as well. Here, the impact of NLO corrections on the matched distributions become larger when
approaching the kinematic endpoint, yn,n+1 ⇡ ykin, but consistently stay within the LO uncertainty band.

The remaining statistical uncertainty from the numerical determination of the F-function is propagated
through to the final result, indicated by the error bars on the NLO + NLL0 prediction. It is entirely negligible
compared to the overall uncertainty from scale variations. In light of our earlier discussion of subleading
e↵ects emerging from taking the limits in the evaluation of F numerically, we conclude that these are indeed
insignificant for our final predictions.
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https://inspirehep.net/literature/568092
https://inspirehep.net/literature/1771860
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1. Basics of the CAESAR formalism


2. Putting things together: implementation in Sherpa framework 

• + Extension towards jet shapes with masses
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4. Outlook
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CAESAR formalism in Sherpa

• Putting everything together requires additional 
work


• automation of several tasks conveniently done in 
traditional event generator framework, where we 
have easy access to


• phase space integration


• fixed order ingredients


• color insertion operators


• pdf handling  


• …
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Figure 6: Durham splitting scales yn,n+1 at NLO +NLL0 accuracy, in the NC ! 1 limit, and in the
improved LC scheme. The lower panels show the corresponding ratios additionally at LO + NLL0

accuracy and for the resummation without any matching.
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Example: Durham jet resolution up 
to , color handling through 
interface to ME generator COMIX 

y56

[Baberuxki, Preuss, DR, Schumann ’19]


[Gerwick, Höche, Marzani, Schumann ’15]

https://inspirehep.net/literature/1771860
https://inspirehep.net/literature/1330322
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CAESAR+Sherpa framework — Overview

• CAESAR formalism for soft gluon 
resummation at NLL


• available as implementation in Sherpa


• multiplicative matching (  NLL’ accurate)


• necessary extensions for jet 
observables… :


• modified wide angle behaviour


• non-global logs


• … and for soft drop grooming


• CEASAR style formulas available

⇒

[Banfi, Salam, Zanderighi ’04]


[Gerwick, Höche, Marzani, Schumann ’15] 

[Baberuxki, Preuss, DR, Schumann ’19]


[Dasgupta, Khelifa-Kerfa, Marzani, Spannowski ‘12]

[Caletti, Fedkevych, Marzani, DR, Schumann, Soyez, Theeuwes ’21]


 [DR, Caletti, Fedkevych, Marzani, Schumann, Soyez ‘22]


[Dasgupta, Salam ’01]


[Larkoski, Marzani, Soyez, Thaler ’14]


[Baron, DR, Schumann, Schwanemann, Theeuwes ‘20]

https://inspirehep.net/literature/655163
https://inspirehep.net/literature/1330322
https://inspirehep.net/literature/1771860
https://inspirehep.net/literature/1121578
https://inspirehep.net/literature/1858240
https://inspirehep.net/literature/1993727
https://inspirehep.net/literature/555905
https://inspirehep.net/literature/1281068
https://inspirehep.net/literature/1837131
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CAESAR+Sherpa: current developments 

• quark mass effects on jet substructure

Figure 4: Massive (red solid line) and massless (blue solid line) resummation for ungroomed

jet angularities with ω = 0.5 (left), ω = 1 (middle) and ω = 2 (right). The inspected pTjet

bins are [50, 65] GeV (upper panel), [88, 120] GeV (middle panel) and [326, 408] GeV (lower

panel).
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We should maybe mention the experimenters we have talked to early on ... Letitia!?
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– 21 –

Figure 3: Fixed-order predictions for ungroomed (left column) and groomed (right column)

angularities ω
1
ω, for ε → {1/2, 1, 2}, compared to the expansion of the resummation at the

corresponding order of εs. The jet transverse momentum is constrained to pTjet → [40, 2000]

GeV.

prediction (green curve) and the NLL resummed expansion defined in Eq. (3.31b) (yellow

curve). This discrepancy is significantly reduced when the expansion of the NLL→ distribution

– 16 –

Preliminary

Preliminary

Preliminary
[Ghira, Mai, Marzani, DR, Schumann, Stöcker WIP]

• Radiators with masses 
previously calculated

[Ghira, Marzani, Soyez ’24]

• First result: including 
mass effects in results 
from


• Compare to

[DR, Caletti, Fedkevych, 
Marzani, Schumann ’21]

[CMS ’21]
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Back to the CAESAR formalism…

• Overall structure


• at NLL: approximate matrix element  and                                               
observable dependence  in soft collinear limit                                                

M2

V(k)

Σ(v) = e−RNLL(v)F(v) F(v) = e− ∫v
ϵv dk M2(k) ∑

n

1
n! ∫ dki M2(ki) θ(v − V({pi}, {ki}))
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From CAESAR to ARES formalism

• Overall structure


• at NLL: approximate matrix element  and 
observable dependence  in soft collinear limit


• at NNLL: need to relax approximations one-by-
one, gives rise to


• Each  corresponds to next order of expansions 
around soft collinear limit for one emission

M2

V(k)

δF

Σ(v) = e−RNLL(v)F(v) F(v) = e− ∫v
ϵv dk M2(k) ∑

n

1
n! ∫ dki M2(ki) θ(v − V({pi}, {ki}))

Σ(v) = e−RNNLL(v){F(v) + δFNNLL}

δFNNLL = δFsc + δFhc + δFrec + δFwa + δFcorrel + …

[Banfi, McAslan, Monni, Zanderighi ’14]

[Banfi, McAslan, Monni, Zanderighi ’16]
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Example:  with ARESδFwa
• In sc limit, observables generally behave as


• Not generally true for soft but wide angle: 


• e.g. thrust has


• gives rise to correction

V({pi}, k) ∼
kt

Q
e−bη

Vwa({pi}, k) ∼
kt

Q
f(η, ϕ)

f(η, ϕ) =
2

cosh η

where the second term in the square brackets represents virtual corrections. From the above equa-
tion we see that, if k is also soft, i.e. z → 0, the function Fcollinear(v) contains configurations that
have been already taken into account in the function F(v) of eq. (2.25). We eliminate this double
counting by subtracting the NLL contribution

F sub.
collinear(v) = e→

∫
v
εv

[dk]M2
sc(k)

∞
∑

n=0

1

n!

∫

εv

n
∏

i=1

[dki]M
2
sc(ki)

∫ 2π

0

dφ

2π

∫

dk2t
k2t

αs(kt)

2π

∑

#=1,2

2C#

∫ 1

0

dz

z

× [Θ (v − Vsc({p̃}, k, k1, . . . , kn))−Θ (v − Vsc({p̃}, k1, . . . , kn))Θ (v − Vsc({p̃}, k))] .
(3.30)

Performing the same manipulations as for Frec we arrive at:

Fcollinear(v)− F sub.
collinear(v) $

αs(Q)

π
δFhc(λ) , (3.31)

where

δFhc(λ) =
∑

#=1,2

αs(v1/(a+b")Q)

αs(Q)(a+ b#)

∫ ∞

0

dζ

ζ

∫ 2π

0

dφ

2π

∫

dZ[{R′
NLL,#i , ki}]×

×
∫ 1

0

dz

z
(zp#(z)− 2C#)

[

Θ

(

1− lim
v→0

Vsc({p̃}, k, {ki})
v

)

−Θ

(

1− lim
v→0

Vsc({p̃}, {ki})
v

)

Θ(1− ζ)

]

.

(3.32)

3.3.3 Soft wide-angle NNLL contributions

This contribution arises when one of the soft gluons is emitted at wide angles. We can parametrise
the observable dependence on the momentum of this extra gluon k as

V (k)
wa ({p̃}, k) =

(

kt
Q

)a

fwa(η,φ) . (3.33)

In general, when η is close to zero (wide angles), the above expression might differ from the expres-
sion of the observable after a soft and collinear emission k

Vsc({p̃}, k) =
(

kt
Q

)a

fsc(η,φ) , fsc(η,φ) = d1e
→b1ηg1(φ)Θ(η) + d2e

b2ηg2(φ)Θ(−η) . (3.34)

For a fixed value of kt, η,φ for an extra emission k, we denote with V (k)
wa ({p̃}, k, k1, . . . , kn) the

observable computed by keeping the full η,φ dependence of emission k, and using the soft-collinear
approximation for all other emissions.

This gives rise to the following correction

Fwa(v) = e→
∫

v
εv

[dk]M2
sc(k)

∞
∑

n=0

1

n!

∫

εv

n
∏

i=1

[dki]M
2
sc(ki)2CF

∫ ∞

0

dkt
kt

αs(kt)

π

∫ ∞

→∞
dη

∫ 2π

0

dφ

2π
×

×

[

Θ

(

1− lim
v→0

V (k)
wa ({p̃}, k, k1, . . . , kn)

v

)

−Θ

(

1− lim
v→0

Vsc({p̃}, k, k1, . . . , kn)
v

)

]

.

(3.35)

We can modify the phase space integration for the extra soft gluon as follows:

dkt
kt

αs(kt)

π
=

dζ

ζ

αs((ζv)1/aQ)

aπ
$

dζ

ζ

αs(v1/aQ)

aπ
, (3.36)

where

ζ =
1

v

(

kt
Q

)a

(3.37)

– 17 –

[Banfi, McAslan, Monni, Zanderighi ’14]
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Towards CAESAR@NNLL

• ARES: no actual phase space generation, need to study a given observable 
in the limit corresponding to each  and implement new routine calculating 
observable based on generated parameters


• CAESAR: generate actual phase space (i.e. four-momenta), scale all 
emissions towards the soft collinear limit, calculate observable based on 
actual definition (as it would be based on reconstructed four-momenta in 
experiments) 


•  numerically challenging, but no observable specific input needed (apart 
from definition of observable)

δF

⇒
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Example: recoil correction

• Recoil correction arises from finite recoil of hard-collinear 
emission


• For first term, need full recoil on hard legs, quickly becomes 
involved in particular with multiple legs that themselves have a 
non-trivial configuration


• In CAESAR, just generate phase space point, insert momenta 
with recoil, evaluate observable


• Validate against known results for D-parameter

squared of eq. (3.16) we can replace dk̃2t /k̃
2
t with dk→2t /k→2t . We then obtain the relation between the

transverse momentum with respect to the thrust axis !kt and the transverse momentum !k
′

t which
enters the collinear emission phase space:

!kt = !k
′

t + z(1)!p
′

t,1 . (3.24)

This implies that the input momentum k becomes a function of !k
′

t , !p
′

t,1, z
(1). For the sake of

simplicity, we drop the vector superscript from now on.
We have two NNLL contributions coming from hard-collinear radiation. The first comes from

eq. (3.3), in which we have to take into account the exact expression of the observable when a single
emission is hard and collinear:

Frec(v) = e−
∫ v
εv

[dk]M2
sc(k)

∞
∑

n=0

1

n!

∫

εv

n
∏

i=1

[dki]M
2
sc(ki)

∑

"=1,2

∫ 1

0
dz p"(z)

∫ 2π

0

dφ

2π

∫

dk
′2
t

k
′2
t

αs(k→t)

2π
→

→
[

Θ
(

v − V (k)
hc ({p̃}, k[k→t, p→t,", z], k1, . . . , kn)

)

−Θ
(

v − Vsc({p̃}, k[k→t, p→t,", 0], k1, . . . , kn)
)

]

.

(3.25)

In the above expression, V (k)
hc ({p̃}, k, k1, . . . , kn) denotes the expression of the observable V where

all emissions but k are treated in the soft-collinear approximation. In the second term, the one
containing Vsc({p̃}, k, k1, . . . , kn), also emission k has been treated as if it were soft and collinear,
so that its transverse momentum with respect to the emitting leg k→t is equal to kt. Notice that, in
eq. (3.25) we can replace k→t with kt in the integration since this variable is integrated over, and use
the short-hand notation

k→ = k[kt, p
→
t,1, z] , k = k[kt, p

→
t,1, 0] .

To NNLL accuracy it is possible to further simplify the phase-space for k. Introducing

ζ =
1

v

d" g"(φ)

zb"

(

kt
Q

)a+b"

, (3.26)

we have, at NNLL accuracy

dk2t
k2t

αs(kt)

2π
=
αs((zb"ζv/(d" g"(φ)))1/(a+b")Q)

π(a+ b")

dζ

ζ
#
αs(v1/(a+b")Q)

π(a+ b")

dζ

ζ
. (3.27)

In fact, rIRC safety constrains the variable ζ to be of order one, so that further terms arising from
the expansion of the QCD coupling around v1/(a+b")Q are of relative order α2

s, hence at most N3LL.
Following what we did in sections 2 and 3.3.1, we eliminate all subleading contributions and

obtain Frec(v) # (αs(Q)/π)δFrec(λ), where

δFrec(λ) =
∑

"=1,2

αs(v1/(a+b")Q)

αs(Q)(a+ b")

∫ ∞

0

dζ

ζ

∫ 2π

0

dφ

2π

∫

dZ[{R→
NLL,"i, ki}]→

→
∫ 1

0
dz p"(z)

[

Θ

(

1− lim
v→0

V (k′)
hc ({p̃}, k→, {ki})

v

)

−Θ

(

1− lim
v→0

Vsc({p̃}, k, {ki})
v

)

]

.

(3.28)

The second NNLL contribution coming from hard collinear radiation arises from eq. (3.2):

Fcollinear(v) = e−
∫

v
εv

[dk]M2
sc(k)

∞
∑

n=0

1

n!

∫

εv

n
∏

i=1

[dki]M
2
sc(ki)

∑

"=1,2

∫ 1

0
dz p"(z)

∫ 2π

0

dφ

2π

∫

dk2t
k2t

αs(kt)

2π
→

→ [Θ (v − Vsc({p̃}, k, k1, . . . , kn))−Θ (v − Vsc({p̃}, k1, . . . , kn))Θ (v − Vsc({p̃}, k))] ,
(3.29)

– 16 –

[Banfi, DR WIP]
[Arpino, Banfi, El-Menoufi ’13]

[Banfi, McAslan, Monni, Zanderighi ’14]



21

Example: recoil correction

• Recoil correction arises from finite recoil of hard-collinear emission


• For first term, need full recoil on hard legs, quickly becomes involved in 
particular with multiple legs that themselves have a non-trivial configuration


• In CAESAR, just generate phase space point, insert momenta with recoil, 
evaluate observable

squared of eq. (3.16) we can replace dk̃2t /k̃
2
t with dk→2t /k→2t . We then obtain the relation between the

transverse momentum with respect to the thrust axis !kt and the transverse momentum !k
′

t which
enters the collinear emission phase space:

!kt = !k
′

t + z(1)!p
′

t,1 . (3.24)

This implies that the input momentum k becomes a function of !k
′

t , !p
′

t,1, z
(1). For the sake of

simplicity, we drop the vector superscript from now on.
We have two NNLL contributions coming from hard-collinear radiation. The first comes from

eq. (3.3), in which we have to take into account the exact expression of the observable when a single
emission is hard and collinear:

Frec(v) = e−
∫ v
εv

[dk]M2
sc(k)

∞
∑

n=0

1

n!

∫

εv

n
∏

i=1

[dki]M
2
sc(ki)

∑

"=1,2

∫ 1

0
dz p"(z)

∫ 2π

0

dφ

2π

∫

dk
′2
t

k
′2
t

αs(k→t)

2π
→

→
[

Θ
(

v − V (k)
hc ({p̃}, k[k→t, p→t,", z], k1, . . . , kn)

)

−Θ
(

v − Vsc({p̃}, k[k→t, p→t,", 0], k1, . . . , kn)
)

]

.

(3.25)

In the above expression, V (k)
hc ({p̃}, k, k1, . . . , kn) denotes the expression of the observable V where

all emissions but k are treated in the soft-collinear approximation. In the second term, the one
containing Vsc({p̃}, k, k1, . . . , kn), also emission k has been treated as if it were soft and collinear,
so that its transverse momentum with respect to the emitting leg k→t is equal to kt. Notice that, in
eq. (3.25) we can replace k→t with kt in the integration since this variable is integrated over, and use
the short-hand notation

k→ = k[kt, p
→
t,1, z] , k = k[kt, p

→
t,1, 0] .

To NNLL accuracy it is possible to further simplify the phase-space for k. Introducing

ζ =
1

v

d" g"(φ)

zb"

(

kt
Q

)a+b"

, (3.26)

we have, at NNLL accuracy

dk2t
k2t

αs(kt)

2π
=
αs((zb"ζv/(d" g"(φ)))1/(a+b")Q)

π(a+ b")

dζ

ζ
#
αs(v1/(a+b")Q)

π(a+ b")

dζ

ζ
. (3.27)

In fact, rIRC safety constrains the variable ζ to be of order one, so that further terms arising from
the expansion of the QCD coupling around v1/(a+b")Q are of relative order α2

s, hence at most N3LL.
Following what we did in sections 2 and 3.3.1, we eliminate all subleading contributions and

obtain Frec(v) # (αs(Q)/π)δFrec(λ), where

δFrec(λ) =
∑

"=1,2

αs(v1/(a+b")Q)

αs(Q)(a+ b")

∫ ∞

0

dζ

ζ

∫ 2π

0

dφ

2π

∫

dZ[{R→
NLL,"i, ki}]→

→
∫ 1

0
dz p"(z)

[

Θ

(

1− lim
v→0

V (k′)
hc ({p̃}, k→, {ki})

v

)

−Θ

(

1− lim
v→0

Vsc({p̃}, k, {ki})
v

)

]

.

(3.28)

The second NNLL contribution coming from hard collinear radiation arises from eq. (3.2):

Fcollinear(v) = e−
∫

v
εv

[dk]M2
sc(k)

∞
∑

n=0

1

n!

∫

εv

n
∏

i=1

[dki]M
2
sc(ki)

∑

"=1,2

∫ 1

0
dz p"(z)

∫ 2π

0

dφ

2π

∫

dk2t
k2t

αs(kt)

2π
→

→ [Θ (v − Vsc({p̃}, k, k1, . . . , kn))−Θ (v − Vsc({p̃}, k1, . . . , kn))Θ (v − Vsc({p̃}, k))] ,
(3.29)
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Other corrections
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[Banfi, DR WIP]

Preliminary

Preliminary

Preliminary

• Validation of 
CAESAR@NNLL 
vs ARES


• Example: Total 
Broadening
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Outlook: Towards LHC physics

• Goal: Extend to hadron collisions, starting with Z/H+jet process


• 1-jettiness, Transverse Thrust, Thrust Minor


• checked analytically against known results


• will need convolution of beam functions with pdfs etc 

[Banfi, Lim, Pasha, Peake, DR, Wisnia WIP]

δFX ∼ ∫ dk |M |2 f(x/z, Q2)
f(x, Q2) [θ(1 − VX({ki})) − θ(1 − Vsc({ki}))]
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Summary

• CAESAR/ARES formalism


• access to observables like jet-resolution scales that do not easily factorize


• direct interpretation in terms of multiple emissions from Born events eases 
comparison to parton shower methods


• Practical implementation in event generator framework Sherpa


• new: inclusion of parton mass effects


• Extension of CAESAR to NNLL


• avoid any observable specific investigation of limits


• Outlook: extension to hadron colliders


