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 Among high-mass resonances in  ା, there appear to be three 
flavor nonets in PDG,

Overview


ା:   

∗
 


ା:   

∗
 


ା:   

∗
 

 Currently, the marginal ordering in 
ା,  

∗ , 
is difficult to understand.

 In this work, we propose a mixing mechanism involving two-quark 
states and tetraquarks to account for this mass ordering.
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Outline

 Lowest-Lying mesons
 High-Mass resonances
 Two-Quark [ ] Description of High-Mass Resonances
 Tetraquark Description

Tetraquark Structure for the 
ା and 

ା Nonets
 Mass Ordering of the 

ା Nonet
 Mixing Mechanism

and its formulation
 Results


ା:   

∗
 


ା:   

∗
 


ା:   

∗
 



 Another characteristics, particularly relevant in this talk, is the mass ordering : 
ூୀଵ ூୀଵ/ଶ
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• spin and parity as  ି ି

• They form a flavor nonet,  (    ) in each spin channel
• Their isospins:

 As well known, the lowest-lying mesons are composed of two-quarks,
. 

Lowest-lying mesons

గ <    ,   ఘ <   ∗

Pseudoscalar (𝐽 = 0ି)

𝜼𝟖

𝝅𝟎 𝝅ା 𝒖𝒅ഥ𝝅ି 𝒅ഥ𝒖

𝑲ା 𝒖𝒔ത

𝑲ഥ 𝟎 𝒅ഥ𝒔𝑲ି 𝒅ഥ𝒔

𝜼𝟏

𝑲𝟎 𝒅𝒔ത

Vector ( 𝐽 = 1ି )

𝝎𝟖

𝝆𝟎 𝝆ା 𝒖𝒅ഥ𝝆ି 𝒅ഥ𝒖

𝑲∗ା 𝒖𝒔ത

𝑲ഥ ∗𝟎 𝒅ഥ𝒔𝑲∗ି 𝒅ഥ𝒔

𝝎𝟏

𝑲∗𝟎 𝒅𝒔ത

※ For isoscalar ( ) members, the mass ordering is obscured by ideal mixing and the 
anomaly.

 Because of this, the lowest-lying mesons have
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 ା

 ା

 ା

 The high-mass states have spin, parity, charge 
conjugation,   ାା ାା ାି ାା

 Isospins are restricted to ଵ

ଶ

up to spin-2High-mass resonances
※Note that the PDG is continuously updated. 
𝑎 1710 and 𝑓 1770 are recently included 
in the PDG.

What could be the structure of the high-mass 
states?
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 This description can reproduce the quantum numbers of the high-mass 
resonances. 

[ ⇒  ାି

[ ⇒  ାା ାା ାା

 Moreover, the description forms a flavor nonet, which explains the 
isospin states ( ଵ

ଶ
) of the high-mass resonances. 

 There seems more than one nonet in each quantum number (radial excitations 
 , .?)

One way to view is that the high-mass resonances are orbital excitations of the 
lowest-lying nonets, [ ].

ℓାௌ

for charge neutral 
members

 The mass ordering, ூୀଵ ூୀଵ/ଶ , is still expected to be valid for 
the structure; however, it does not appear to hold universally.

description
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 For  ା ା, the mass ordering, ூୀଵ ூୀଵ/ଶ , is satisfied to 
some extent.  

 ାି :

ାା


ାା :


ାା :

ଵ ଵ

ଵ ଵ

ଶ ଶ
∗

ଶ ଶ
∗
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ା:   

∗
 


ା:   

∗
 


ା:   

∗
 

 For  ା, the following nonets can be identified, but the expected mass 
ordering, ூୀଵ ூୀଵ/ଶ is not satisfied for the first two nonets.


ା:  

∗ (inverted!)

ା:   

∗ (inverted!)

ା:   

∗

 ା

The inverted mass ordering can be understood if they are tetraquarks. [Jaffe(1977)]
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 Tetraquark nonet ( ) can be constructed by combining diquark (  -antidiquark ( ).

(𝐼 = 1/2)

(𝐼 = 1)

Tetraquarks exhibit the “inverted mass ordering”,     ଵ
ଶ

 ଵ
ଷ .

 
∗ ,     

∗ (marginal)

Tetraquark description
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Well-known tetraquark type, originally proposed for the 
ା nonet (Jaffe).                       

:

:

Another type proposed in 2017 [EPJC 77, 3 (2017)].

  diquark has two types that differ by spin-color.
 Spin-0 ,  Spin-1 

ColorSpin𝐅𝐥𝐚𝐯𝐨𝐫

303

613

〈𝒒𝒒 structure〉

mix through ௌ !,  
ௌ

⇒None of them alone can describe physical states.  
ௌ  

 

 
ழ

Tetraquark structure for the 
ା and 

ା nonets 
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 Instead, the mixture of and , which diagonalizes ௌ, can 
represent the tetraquark structure of the two nonets, 

ା and 
ା.


ା

ସ


ା

ସ

⇒ 
ା

 
∗

 

⇒ 
ା

 
∗

 

The mixing parameters, 𝛼, 𝛽, are determined also by the diagonalization,
(𝛼 ≈ 0.815, 𝛽 ≈ 0.58). 

We call this the tetraquark mixing model for the two nonets.

EPJC(2017) 77, 173, PRD(2018) 97, 094005, 
PRD(2019) 99, 014005, PRD(2019) 100, 034021, 
EPJC(2022) 82, 1113, PRD(2023) 108, 074016.

4 
ା


ା

4

Lessons

 
ା

ସ and 
ା

ସ describe the tetraquark part of the 
ା and 

ା nonets.
 These tetraquarks are orthogonal to each other.



If the tetraquark picture is valid, we expect  
∗ by 

approximately MeV ( ௦ ௨ !
But experimentally,  

∗ by only 20 MeV !

12

 However, the marginal mass ordering within the 
ା nonet remains unexplaind !

 The tetraquark mixing model resolves the mass ordering in the 
ା nonet: 

 
∗ ⇒ the 

ା nonet could be tetraquarks.

 This close mass ordering can be explained if the 
ା nonet includes a 

component ( ା
2) in addition to the tetraquark component !


ା


ା

ସ
ା

2

 Is there a relevant framework that generates the ା
2 component?

Mass ordering of the 
ା nonet 

 This is because the component reduces the mass gap from the 
tetraquark ordering.
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ା
4

ା
2

ା
4

ା
2

 Black et al. [PRD(2000) 61, 074001] proposed a mixing mechanism to explain 
the marginal mass ordering in the 

ା nonet. 
 They introduced a mixing Lagrangian, ௫, that connects two nonets, ା

2

and ା
4, 

 This mixing mechanism generates two distinct nonets, nonet1 and nonet2, 
whose wave functions are linear combinations of the tetraquark ( ା

4) 
and two-quark ( ା

2) nonets.

ା
2

ା
4

G. ’t Hooft et al., PLB 
662 (2008), 424-430.ℒ௫

Mixing Mechanism



 There are three nonets in the PDG.

ା:   

∗
 


ା:   

∗
 


ା:   

∗
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 Black et al. mixed and ା
2 to generate ⇒ 

ା, nonet2 ⇒


ା and explained the mass ordering of the 

ା nonet.
 However, it also changes the 

ା structure, diluting its tetraquark nature.
 Furthermore, this mixing provides the same tetraquark structure ( ) 

for the 
ା and 

ା nonets, making it inconsistent with the tetraquark mixing 
model.

ା
4

ା
2

ା
4

ା
2

|0
ା⟩ସ = −𝛼|Type1⟩ + 𝛽|Type2⟩

|0
ା⟩ସ =    𝛽|Type1⟩ + 𝛼|Type2⟩

Different tetraquark structure


ା

4
ା

2


ା

4
ା

2
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 Instead, we propose to mix 
ା

ସ and ା
2 to produce 

⇒ 
ା, nonet2 ⇒ 

ା.  
 The 

ା and 
ା nonets share the same tetraquark structure, 

ା
ସ. (no 

problem here, as we have no constraint on the 
ା nonet.)

 The 
ା nonet is not affected by this mixing and therefore remains a pure 

tetraquark state of 
ା

ସ.
 If this mixing occurs maximally, the other mixing between 

ା
ସ and ା

2 is
unlikely to occur. The ା

2 component, which couples maximally with 
ା

ସ, 
is unlikely to couple with the orthogonal state of 

ା
ସ.


ା

ସ


ା

ସ
4 

ା

ା

4

ା
4

ା
2

ା
4

ା
2


ା:   

∗
 


ା:   

∗
 


ା:   

∗
 


ା


ା

4
ା

2


ା


ା

4
ା

2

Tetraquark mixing model
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௫
ᇱ .

 For the and members,  

Black et al. PRD(2000) 61, 074001

and propose a mixing Lagrangian

 Here we consider the mix 𝑁′
(= |0ା⟩2) and 𝑁

(=|0
ା⟩ସ)  that generates the 0

ା and 0
ା nonets, 

|0
ା⟩ସ = −𝛼|Type1⟩ + 𝛽|Type2⟩

 Following Black et al., we represent the ା
2 and ା

4 nonets as tensors, 

 This is a simplest invariant term that can be constructed from 
 , 

.

ା
2:   







భ

మ
ఢೌ್್ା

4 
:   






 ଵ

ଶ   

(  )

Formulation of the Mixing Mechanism 

 Note, for the 𝐼 = 1 and 𝐼 = 1/2 members, the mixing Lagrangian takes the same 
form whether it is derived from ℒ௫ or its SU(3) symmetric form of −𝛾Tr[𝟖𝟖′].

௫ ூୀଵ
ᇱ
ூୀଵ ூୀଵ/ଶ

ᇱ
ூୀଵ/ଶ

⇒ The same mathematical procedure can be applied for the and 
members.
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the pre-mixing states
: tetraquark,  : two-quark After mixing : 

Diagonalizing the mass matrix

 Mass terms in Lagrangian:  

ି
భ

మ 
ଶ


ଶ భ

మ ᇲ
ଶ

ᇲ
ଶ

 ᇲ
భ

మ  ᇲ
ଶ 

ᇱ

 To explain this in general, we denote the states as follows:


ଶ

ᇱ
ଶ


ଶ

ᇱ
ଶ



18

 The diagonalization process expresses the physical masses, 
ଶ and ᇱ

ଶ as:

ᇱ
ଶ ଵ

ଶ
್ᇲ

మ ା್
మା (

್ᇲ
మ ି್

మ)మାସఊమ


ଶ ଵ

ଶ
್ᇲ

మ ା್
మି (

್ᇲ
మ ି್

మ)మାସఊమ

 These can be inverted to :


ଶ ଵ

ଶ
ெಳᇲ

మ ାெಳ
మ ି (ெಳᇲ

మ ିெಳ
మ )మିସఊమ

ᇱ
ଶ ଵ

ଶ
ெಳᇲ

మ ାெಳ
మ ା (ெಳᇲ

మ ିெಳ
మ )మିସఊమ

 For 
ଶ and ᇱ

ଶ , these yield 
ଶ and ᇱ

ଶ as 
functions of the mixing parameter, ଶ.

 
ଶ and ᇱ

ଶ take real values if ଶ
௫
ଶ .

What we need is 
ଶ and ᇱ

ଶ for given 

ଶ and ᇱ

ଶ .
By analyzing them, we can access the validity 
of the mixing mechanism.  
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 The diagonalization also expresses the physical states in terms of the 
pre-mixing states, 

 When ଶ
௫
ଶ , 

 For ଶ
௫
ଶ , we have భ

మ
,  భ

మ
.

ᇱ
ଶ


ଶ

ᇲ
ଶ


ଶ ଶ ଶ

ᇱ
ଶ

ᇱ
ଶ

ᇲ
ଶ

ᇱ
ଶ ଶ ଶ


ଶ

ᇱ
ଶ ଵ

ଶ 
ଶ+ ᇱ

ଶ ]

 represent the overlaps of the physical states with the tetraquark
and two-quark components.

 When ଶ ,  and  . i.e., and 
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 As we mentioned, this mixing mechanism can be applied to the and 
members separately.

 This mixing mechanism yields pre-mixing masses, 
ଶ and ᇱ

ଶ , in the and 
channels.

 Since these are the masses of pure tetraquarks or pure two-quark states, their 
mass ordering must be satisfied: 

 in the 
ା nonet

 in the 
ା nonet 

For :


∗ in the 

ା nonet

∗ in the 

ା nonet 
For :

Tetraquarks:   

Two-quarks:  ᇲ ᇱ

 If these orderings are satisfied with a reasonable gap, it supports the 
validity of our mixing mechanism.
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ଶ GeV2

 At ଶ  GeV2,  the pre-mixing tetraquark masses are  > 
 GeV,  with MeV.

This gap is consistent with the tetraquark mass ordering.
 Also,  ᇱ < ᇱ GeV, roughly consistent with the two-quark 

structure.

When ଶ
௫
ଶ , we find a reasonable tetraquark mass ordering.

𝛾௫
ଶ ⇒

As increases
  ,   
ᇱ ᇱ .


ଶ ଵ

ଶ
ெಳᇲ

మ ାெಳ
మ ି (ெಳᇲ

మ ିெಳ
మ )మିସఊమ

ᇱ
ଶ ଵ

ଶ
ெಳᇲ

మ ାெಳ
మ ା (ெಳᇲ

మ ିெಳ
మ )మିସఊమResults

We calculate for ,  ᇱ GeV,  GeV
and for ,  ᇱ GeV,  GeV.

Pre-mixing masses
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 For ,    GeV ⇒  GeV, the 
mass change, 140 MeV, is substantial !

 For /2, 
∗ GeV ⇒ 

∗ GeV, the 
mass change, 38 MeV, is very small !

This results also provide a generating mechanism for the marginal mass
ordering in the 

ା nonet.

In fact, this discriminating mass change originates from the two-quark
component, which strongly affects the isovector channel but has a weaker 
influence on the isodoublet channel.
This aspect can be observed from the physical wave functions!

⇒ Such a discriminating mass change leads to the marginal gap, 
 

∗ MeV.
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When ଶ
௫
ଶ , we find the following:

 For ,  


ା

ସ  
ା

ସ
ା

2

 For ,  


ା

ସ 
∗


ା

ସ
ା

2

𝛾௫
ଶ ⇒

ᇱ
ଶ


ଶ

ᇲ
ଶ


ଶ ଶ ଶ

ᇱ
ଶ

ᇱ
ଶ

ᇲ
ଶ

ᇱ
ଶ ଶ ଶ

Physical wave functions

|𝑎(1450)⟩ = 𝐶|0
ା⟩ସ − 𝐷|0ା⟩2 (𝐼 = 1) |𝐾

∗ (1430)⟩ = 𝐶|0
ା⟩ସ − 𝐷|0ା⟩2 (𝐼 = 1/2)

This gives the discriminating mass change in the previous slide !
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Summary 


ା:   

∗
 


ା:   

∗
 


ା:   

∗
 

 In the PDG, there are three flavor nonets in  ା.

 Currently, the mass ordering between  
∗ in the 

ା nonet is 
difficult to understand. 

 This marginal mass ordering might result from the 
ା nonet being a state that 

includes both two-quark and tetraquark components.
 To investigate this, we developed a mixing mechanism to generate the 

ା and 
ା

nonets and calculated the pre-mixing tetraquark states.
 We report that the pre-mixing tetraquark masses for the isovector and isodoublet

members are separated by a reasonable mass gap of MeV.
 The marginal mass ordering in the 

ା nonet appears to arise from the two-quark 
component, which develops strongly in the isovector channel but weakly in the 
isodoublet channel.
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Thank you for your attention !


