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Overview

= Among high-mass resonancesin J¥ = 0%, there appear to be three
flavor nonets in PDG,

0F: a,(980), K¢ (700), f,(500), f,(980)
0F: ay(1450), K5 (1430), f,(1370), £, (1500)
0f: ay(1710), K (1950), f,(1710), f,(1770)

= Currently, the marginal ordering in 0%, M[a,(1450)] = M[K;(1430)],
is difficult to understand.

In this work, we propose a mixing mechanism involving two-quark
states and tetraquarks to account for this mass ordering.

— 17*%0
K~ (1430) K, (1430)




Outline

Lowest-Lying mesons

High-Mass resonances

Two-Quark [qq (€ = 1)] Description of High-Mass Resonances
Tetraquark Description

Tetraquark Structure for the 07 and 0% Nonets

Mass Ordering of the 0% Nonet

Mixing Mechanism

and its formulation

Results

0F: a,(1450), K (1430), f,(1370), f,(1500)
0F: ay(1710), KZ(1950), f,(1710), f,(1770)



Lowest-lying mesons

= As well known, the lowest-lying mesons are composed of two-quarks,

q9 (@ = w,d,s).
= Because of this, the lowest-lying mesons have
« spinand parityas /¥ =07,1".
* They form a flavor nonet, qq € 9¢ (3f®§f = 1:@8s) in each spin channel

e Their isospins: 1
g V b3y A = | = 0,5,1

Pseudoscalar (J® = 07) Vector (JF = 17)

K°(ds) K*(us)

K- (ds) K°(ds) K- (ds) K*(ds)

= Another characteristics, particularly relevant in this talk, is the mass ordering :

M[(q@);=1] < M[(‘M)Iﬂ/z]
my(ud) < mgws), m,(ud) < mg-(us)
X For isoscalar (I = 0) members, the mass ordering is obscured by ideal mixing and the
anomaly.



XNote that the PDG is continuously updated.

High-mass resonances up to spin-2  a,(1710) and f,(1770) are recently included
in the PDG.
_ o+ [ Z [ Meson [Mass(MeV)[T(MeV) JP =2t | 1| Meson |Mass (MeV)|I' (MeV)
0 | fo(500) | 400800 |100—800 0 | f2(1270) | 12754 187
0 | fo(980) 990 10—100 1 | a2(1320) 1318.2 107
1 | aq(980) 080 | 50100 0 | f2(1430) 1430 ?
0 | fo(1370) | 1200—1500 | 200—-500 0 fg{lE”EE-JI 15172 79
L | an(1450) (1439 o 0 | f2(1565) | 1571 132
g f“fiii’g} 1233 :gg 0 | f2(1640) 1630 100
gi+| 3 Jol1710) o X s | 2L | aa(1700) 1706 330
EL()I[].'ID:I 1713 107 3 'l
0 | fo(1770) | 1784 161 0 | f2(1810) 1815 197
1 | ao(1050) | 1031 27 0 | f2(1910) 1900 1
0 | fo(2020) | 1982 436 0 | f2(1950) 1936 464
0 | fo(2100) | 2005 987 0 | f2(2010) 2011 202
0 | fo(2200) | 2187 210 0 | f2(2150) 92157 152
0 | fo(2330) | 2314(7) ? 0 | f2(2300) 9207 149
1/2| K;(700) | 845 168 0 | f2(2340) 2346 331
OF ML EOQEN) A4 47 L [1/2|K3(1430)|  1427.3 100
/2| Ko (1960)| 1857 il 2" 12| K3 (1980)| 1990 348
]P — 1+ | I | Meson |Mass (MeV)|T" (MeV)
0 |hi(1170)| 1166 375
1 |b61(1235) | 12205 142
é ‘;ﬂ};zi Egg 3?82 = The high-mass states have spin, parity, charge
T [ (1260)| 1230 | 250-600 conjugation, JP¢ = 0t* 1+ 1+- 2*+,
0 | fi(1285)| 12818 23 , _ 1
0 | f1(1420) | 14284 56.7 = |sospins are restrictedto ] = 0,—, 1.
0 | f(1510)| 1518 73 2
1 | a1(1640) 1655 250
1/2[K1(1270)| 1253 a0 What could be the structure of the high-mass
1/2|K,(1400)| 1403 174
1/2| K. (1650)| 1650 150 states?




qq(f = 1) description

One way to view is that the high-mass resonances are orbital excitations of the
lowest-lying nonets, [qq (£ = 1)].

This description can reproduce the quantum numbers of the high-mass

resonances.

[q7 (S = 0)|Q(¢ = 1) = JPC =1+~
lqg (S =1D]|Q®H# =1) = ]PC = g+ 1t o+

— (_\t+S
C=(-)
for charge neutral
members

Moreover, the gq(€ = 1) description forms a flavor nonet, which explains the

isospin states (I = 0,%, 1) of the high-mass resonances.

There seems more than one nonet in each quantum number (radial excitations

nJP¢, n=1.2,-.2)

The mass ordering, M[(qq);=1] < M[(qq);=1/2], is still expected to be valid for
the qq (£ = 1) structure; however, it does not appear to hold universally.



For J¥ = 1%, 27, the mass ordering, M[(qq),=1] < M[(qq),=1/2], is satisfied to

some extent.

I=1

[=1/2

JP =177 b(1235), K,(1270), hy(1170), h{(1415) M[b,(1235)] S M[K,(1270)]
1++: a,(1260), K, (1400), f;(1285), f1(1420). M[a,(1260)] < M[K;(1400)]
2% 1 as(1320), K3(1430), f>(1270), f2(1430)  M[a»(1320)] < M[K;(1430)]
257 1 ay(1700), K3 (1980), f2(1640), f>(1810) M[a,(1700)] < M[K;(1980)]

JUCl I | Meson |Mass (MeV)|T" (MeV)
0 [ f2(1270) | 12754 187
1 | as(1320 1318.2 107
JPC I | Meson |Mass (MeV)|T (MeV) 0 %Tlm 1430 ?f
0 [h1(1170) 1166 375 0 | f2(1525) 1517.3 72
- } JLLE {'11?1315 15133; 1;; 0 | f2(1565) 1571 132
0 hi{l-‘iﬁgi 1504 384 0. | fa(1840) i Y
T [a:(1260)| 1230 | 250600 o+t 1 ugﬂgi i S
0 [f1(1285)| 12818 23 A 1815 b
1++| 0 | f1(1420) | 14284 56.7 0 | 12(1010) o ;
o | A(1510) i o 0 | f2(1950) 1036 464
1 |a1(1640) 1655 250 U fg{gﬂ}m 2011 202
1/2[K.(1270)] 1253 90 0| f(2150) [ 2157 L
1+ |1/2|K (1400)| 1403 174 0] f2(2300) | 2207 149
1/2[K,(1650)| 1650 150 0 | f2(2340) 2346 331
o+ |1/2[K3(1430) 14273 100
1/2|K3(1980)| 1990 8 7




For J° = 07, the following nonets can be identified, but the expected mass
ordering, M[(qq);=1] < M[(ch),=1/2] is not satisfied for the first two nonets.

]P — O+
JYC1 I | Meson [Mass(MeV)|T'(MeV)
0 | fo(500) | 400—800 |100—800
0| RS0 | 000 10100 03 (980), K; (700), £3(500), £5(980)
aq 50— N
0 | fo(1270) | 12001500 |200_500 O0F: ao(1450), K;(1430), f,(1370), f,(1500)
1 | ao(1450) 1439 258 0%: a,(1710), K (1950 1710 1770
0 quIEDD} 1529 108 C O( )r O( )ifO( )rfO( )
0 Y [aeno) | ams | on [=1 1=1/2
0 | fo(1770) | 1784 161 0x: M[ay,(980)] > K;[(700)] (inverted!)
1 |ap(1950) | 1931 271 +. > - |
o | o(2020 1055 y 85 %[ao(léLSO)] > KO[(}430)] (inverted!)
0 | fo(2100) | 2095 987 ¢: M[ao(1710)] < M[K;(1950)]
0 | fo(2200) | 2187 210
0 | fo(2330) | 2314(7) ?
1/2| K;(700) | 845 168
0+ |1/2|K3(1430)| 1425 270
1/2|K3(1950)| 1057 170

The inverted mass ordering can be understood if they are tetraquarks. [Jaffe(1977)]



Tetraquark description

= Tetraquark nonet (qqqq ) can be constructed by combining diquark (§f)-antidiquark (37).

3:Q3; = 1,08 | SRR ’ -
. - : - = 1
[ 1 [Sf]j;l == Tirj == %5; TmT;'n TE = ﬁfm.ﬂ:q—j@k = [@;%]
B oo ;= L
s F = o {gds_:[ds] + [su][5a] + [ud] [-ud]}

(I =1/2) |8¢]F = [ud][ds]

B8 = pdFal
I=1) |[8f]; = [su][d5].

1
%{:SJ’H—[‘SI]E} = \if {[ds][ds] — [sul[sa]) *
8714 = [ds][s]

ﬁzsf;;:: —— {2[ud)[ud) — [ds][ds] — [su] 571}

Tetraquarks exhibit the “inverted mass ordering”, [8]7(suds) > [8,]3 (udds).
ay(980) > K;(700), ay(1450) = K;(1430) (marginal) 9




Tetraquark structure for the 0} and 0% nonets {qq structure)

_ Flavor| Spin_| Color |
= 3 diquark has two types that differ by spin-color. 3 0 7.
" Spin-0qq = [Typel), Spin-1qq = |Type2) 3, 1 6

Typel): [[qq € U =0,3.,37)|®[a7 € U = 0,3.,30)] = qqqg € (J = 0,1,,9)

Well-known tetraquark type, originally proposed for the 0} nonet (Jaffe).

Type2): |[99 € (J = 1, 6¢,30)}®[q € ( = 1,6,30)] = qq33 € (J = 0,1.,9)
Another type proposed in 2017 [EPJC 77, 3 (2017)].

spin  color Havor
|Typel) = |000) @ |1.3.3.) ® [953¢3¢)
| Type2) = |011) @ [1.6.6.) @ [9533)

|Typel), |Type2) mix through V¢ |,

(Type2|Vqs|Typel) = 0 Ves o — zll A
= None of them alone can describe physical states. i<j

Ji*Jj

m; m;

10




= Instead, the mixture of |Typel) and |TypeZ2), which diagonalizes Vs, can
represent the tetraquark structure of the two nonets, 0} and 03.

|0£), = —a|Typel) + B|Type2) | =0E: ao(1450),K5(1430), £,(1370), fo(1500)
107)s = P|Typel) + a|Type2) =04 ay(980), K;(800), fo(500), f,(980)

The mixing parameters, a, 5, are determined also by the diagonalization,
(¢ = 0.815,5 = 0.58).

We call this the tetraquark mixing model for the two nonets.

EPJC(2017) 77, 173, PRD(2018) 97, 094005,
PRD(2019) 99, 014005, PRD(2019) 100, 034021,
EPJC(2022) 82, 1113, PRD(2023) 108, 074016.

Lessons

= |0%), and |0%), describe the tetraquark part of the 01 and 07 nonets.
= These tetraquarks are orthogonal to each other.

4(0;{ |0E >4 =0

11



Mass ordering of the 03 nonet

The tetraquark mixing model resolves the mass ordering in the 0} nonet:
M[a,(980)] > M[K;(700)] = the 07 nonet could be tetraquarks.

However, the marginal mass ordering within the 0% nonet remains unexplaind !

If the tetraquark picture is valid, we expect M[a,(1450)] > M[K;(1430)] by
approximately 150 MeV (= my, —m,,)!
But experimentally,|M[a,(1450)] = M[K;(1430)] by only 20 MeV !

This close mass ordering can be explained if the 0% nonet includes a
qq(€ = 1) component (|0™),) in addition to the tetraquark component !

10%) = al0%), +b|0%),

This is because the gqg(£ = 1) component reduces the mass gap from the
tetraquark ordering.

s there a relevant framework that generates the |0™), component?

12



Mixing Mechanism

Black et al. [PRD(2000) 61, 074001] proposed a mixing mechanism to explain

the marginal mass ordering in the 03 nonet.
They introduced a mixing Lagrangian, L,,;,, that connects two nonets, [0%),

and |0+>41

G. 't Hooft et al., PLB
L 662 (2008), 424-430.
| O+ )2 5 [qq] mix ) ( )
S; S'[qq]

|07), . [l

—> ||nonetl) =a|07),—b[07),
|nonet2) = b |0%), + a |07),

= This mixing mechanism generates two distinct nonets, nonetl and nonet2,
whose wave functions are linear combinations of the tetraquark (|0™),)

and two-quark (|0™),) nonets.

13



= There are three nonets in the PDG. Different tetraquark structure

04: a0(980),K;(700), fo(500), f,(980) |0%)s = —a|Typel) + B|Type2)
0%: a,(1450), K (1430), f,(1370), f,(1500) 04)s = B|Typel) + a|Type2)
0F: ay(1710), K;(1950), £,(1710), f,(1770)

|nonetl) = a |0%), — b |0T), |04) = a |Typel), — b |07),
|nonet2) = b [0T), + a |07), |0%) = b |Typel), + a |07),

= Black et al. mixed |Typel) and |07), to generate nonetl = 0}, nonet2 =
0% and explained the mass ordering of the 0% nonet.

= However, it also changes the 0} structure, diluting its tetraquark nature.

» Furthermore, this mixing provides the same tetraquark structure (|Typel))
for the 07 and 03 nonets, making it inconsistent with the tetraquark mixing
model.

14



0F: a,(980), K:(700), f,(500), f,(980)
0F: a,(1450), K (1430), f,(1370), f,(1500)
0F: a,(1710), K (1950), f,(1710), f,(1770)

Inonet1) = a [0%), — b [0%), | oy [I08) =al0g), —b|07),
|nonet2) = b |0%), + a |07), |05) = b |05), +a|07),

= |nstead, we propose to mix [03), and |0T), to produce
nonetl = 0%, nonet2 = 0f.

= The 07 and 07 nonets share the same tetraquark structure, [03),. (no
problem here, as we have no constraint on the 0 nonet.)

= The 0} nonet is not affected by this mixing and therefore remains a pure
tetraquark state of [07),.

= |f this mixing occurs maximally, the other mixing between |0;), and [0T), is
unlikely to occur. The |07), component, which couples maximally with |0%),,
is unlikely to couple with the orthogonal state of |07 ),.

Tetraquark mixing model

|05)4 = —a|Typel) + | Type2) :>

+ 10t ) —
04), = B|Typel) + a|Type2) {04 05 ), =0

15




Black et al. PRD(2000) 61, 074001

Formulation of the Mixing Mechanism

= Following Black et al., we represent the |0%), and |07), nonets as tensors,

07),: N2 =q,q° (9, =u,d,s)
Ta — \/%eabcqch;
Te =2 €abcqpqc

2
= —yTr[NN'].

0%)y: Ng =T,T"

N

h

mix

and propose a mixing Lagrangian

= This is a simplest invariant term that can be constructed from N'2, N2,

" Forthel =1andl =1/2 members,
Lmix — _y¢1=1¢’1=1 _ y¢l=1/2¢’1=1/2

= The same mathematical procedure can be applied forthel = 1and [ =
1/2 members.

Note, for the I = 1 and I = 1/2 members, the mixing Lagrangian takes the same
form whether it is derived from L,;, or its SU(3) symmetric form of —yTr[8,8'¢].
Here we consider the mix N'5(= |0%),) and N2(=|0%),) that generates the 0} and 0} nonets,

|0%)4 = —a|Typel) + 8| Type2)
16



Diagonalizing the mass matrix

To explain this in general, we denote the states as follows:

the pre-mixing states o RS
|b): tetraquark, |b’): two-quark ) | After mixing: |B),|B’)

Mass terms in Lagrangian:

—impdp —imyibpr — YDy = — 2P, PpIM? (d)b)

¢b/
b) |b') | 1B) |B')

M? =[1p) [ mZ 7 —> |8y [MEZ O
b’y | 7 m,%, |B"Y | O M§_,




= The diagonalization process expresses the physical masses, M3, and M3, as:

N

Mg

2 _1
MB,__

2 .2
mj,+mi +\/(m12), —m;)2+4y?2

2 .2
mb,+mb—\/(m12), —m3)2+4y2

= These can be inverted to :

MEZ?I +M£2;—\/(M£2;,—M§)2—4y2

M§,+M§+\/(M§,—M§)2—4y2

What we need is m# and mZ, for given

M3, and M3,.

By analyzing them, we can access the validity
of the mixing mechanism.

= For M3, and M3,, these yield m? and m, as
functions of the mixing parameter, y2.
= m?Z and mz, take real values if y2 < ¥2 4.

2 (M3, — M3)?

-“'m ax -~ —l

18



The diagonalization also expresses the physical states in terms of the

pre-mixing states,

|B) = C|b) — D|b)
|B') = D|b) + C|b")

2 _ 4,2 2 _ a2
" Wheny® =V¥mnax, ) mj =mj, =

C

J(mir —Mp)? +y?

D =

2 2
my, — Mpg

2 2
MB/ — my,

\/(mlz)’ - Mé/)z + y2

C, D represent the overlaps of the physical states with the tetraquark

and two-quark components.

Wheny? =0, C =1and D =0.i.e.,|B) = |b)and |B') = |b’)

[Mg+ M§,]

N | =

For0 <y? <y, wehave0<D<i L<(C<1.

= D<C

2! 2

Nl

Ii_':_D:

.\H
[

A%

riL

19



As we mentioned, this mixing mechanism can be appliedtothel = 1and [ =
1/2 members separately.

For] =1: |B) = a,(1450) in the 0% nonet
|B') = ay(1710) in the 07 nonet

For [ =1/2: |B)= K;(1430) in the 0% nonet
|B') = K;(1950) in the 0} nonet

This mixing mechanism yields pre-mixing masses, mg and mlz,,, inthel = 1 and
[ = 1/2 channels.

Since these are the masses of pure tetraquarks or pure two-quark states, their
mass ordering must be satisfied:

Tetraquarks: my(I = 1) >m,(I = 1/2)
Two-quarks: my/(I = 1) <my, (I = 1/2)

If these orderings are satisfied with a reasonable gap, it supports the
validity of our mixing mechanism.

20



— 2 2
my = MB/+MB_\/(M1231_M§)2_4)’2

Results _

m

NIH NI»—\

2
b
2
br

MB/"'MB"'\/(MB/ MB)Z 4)/

We calculate for I = 1, Mg, = 1.713 GeV, Mz = 1.439 GeV

Pre-mixing masses
andforl =1/2, Mg, = 1.957 GeV, Mg = 1.425 GeV.

0 <y? <0.186 GeV?

) I=1 IT=1/2 _
¥ : - As y increases
My | Mg my | My
0 1.430[1.713 [405(1.057 Mok T,
0.05 1.461|1.695 1.435(1.050 Manmg L.
0.10 1.486|1.672 1.445|1.942
0.15 1.520|1.641 1.455|1.935
0.17 1.541|1.622 1.460|1.931
Ymax = 0.186 | 1.582]1.582 | 1.463]1.920

When y? = y2 ..., we find a reasonable tetraquark mass ordering.

= Aty? = 0.186 GeV?, the pre-mixing tetraquark masses are m, = 1.582 >
mg = 1.463 GeV, with Am = 119 MeV.
This gap is consistent with the tetraquark mass ordering.

= Also, m,, = 1.582 <my, = 1.929 GeV, roughly consistent with the two-quark
structure.

21



This results also provide a generating mechanism for the marginal mass
ordering in the 0% nonet.

» Forl =1, ml[ay(1450)] = 1.582 GeV = M|[ay(1450)] = 1.439 GeV, the
mass change, 140 MeV, is substantial !

» Forl =1/2, m[K; (1430)] = 1.463 GeV = M|[K; (1430] = 1.425 GeV, the
mass change, 38 MeV, is very small |

= Such a discriminating mass change leads to the marginal gap,
M[ay(1450)] — M[K;(1430)] = 20 MeV.

In fact, this discriminating mass change originates from the two-quark
component, which strongly affects the isovector channel but has a weaker
influence on the isodoublet channel.

This aspect can be observed from the physical wave functions!

22



Physical wave functions

|ag(1450)) = Cq|0%)s — Dg|07), (I =1)

|Ko (1430)) = CK|0§)4 - DK|O+)2 (I =1/2)

” r—1 T=1/2

L C. | D. Cr | Di

(l 1 () 1 () C =
0.05 |0.963|0.260 0.002(0.125
0.10 |0.9170.399 0.084[0.179

0.15 |0.8490.528 0.075(0.221| |p =
0.17 |0.805|0.502 0.072(0.236
Yiax = 0.186 |0.707][0.707 0.060]([0.248

When y? = y2,,, we find the following:

= Forl=1,C, =D, =0.707
10%)s = |ae(1450)) = 0.71]0%), — 0.71]07),

" Forl =1/2,Cx > Dy
|0£), = |K§ (1430)) = 0.97|0%), — 0.25|0%),

This gives the discriminating mass change in the previous slide !
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Summary

= |n the PDG, there are three flavor nonets in J© = 07,

0F: a,(980), K:(700), f,(500), f,(980)
0F: a,(1450), K (1430), f,(1370), f,(1500)
0F: a,(1710), K (1950), f,(1710), £, (1770)

= Currently, the mass ordering between a,(1450), K;(1430) in the 0% nonet is
difficult to understand.

= This marginal mass ordering might result from the 0% nonet being a state that
includes both two-quark and tetraquark components.

= To investigate this, we developed a mixing mechanism to generate the 0% and 0f
nonets and calculated the pre-mixing tetraquark states.

= We report that the pre-mixing tetraquark masses for the isovector and isodoublet
members are separated by a reasonable mass gap of Am = 119 MeV.

= The marginal mass ordering in the 0% nonet appears to arise from the two-quark
component, which develops strongly in the isovector channel but weakly in the
isodoublet channel.
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Thank you for your attention !



